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Theoretical background for the caleulation of the optimum constant volumetrie
flow rate for an isothermal BSTR performing a Michoelis-Menten reaction under
transient behaviour arizsing from start up conditions iz reported. The asymptotic
kinetic behaviours of zeroth and first order were used in order to derive analytical
eriteria, guite useful for the predesign steps in some situations where the filling
up and the overall operating time are of the same order of magnitude.
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Introduction

Operating biochemical stirred tank reactors
(BSTR's) under transient conditions demands a good
knowledge of the dynamics of the system if maxi-
mum advantage of the net profit involved is to he
taken. If the existing reactor is very large and the
transient behaviour of the reacting system extends
for a long time, special attention is to be paid to
the choice of the volumetric flow rate of reacting
fluid every time the reactor is started up in order
to maximize the overall production of conwverted
substrate over such a time period. This criterion is
particularly relevant whenever the product of the
reaction has a high market value.

It is the purpose of this Note to provide a theo-
retical means to caleulate the optimum volumeiric
flow rate, including the first situation of non-sie-
ady state for both the volume of the reacting fluid
and substrate concentration, and the next situation
of non-steady state only for the substrate concen-
tration inside the reactor. The asymptotic kinetic
situations provide a convenient set of balance equa-
tions leading to a quick analvtical estimate of the
constant volumetric flow rate to be used during re-
actor operation.

Mathematical analysis

Two periods of operating conditions for the sys-
tem will be considered:
i) the reactor iz being filled up with no out-
flow.

ii) the reactor is already full of reacting liquid,
the inlet and outlet wolumetric flow rates
being the same.

The inlet volumetric flow rate is assumed to re-
main constant in either case, Assuming that the
maximum amount of mixing at the molecular le-
vel takes place according to Zwietering's criterion!

allows one to write the overall and partial maazs
conservation laws for case i) as
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together with the initial condition
at t* =0, C*=1 (3)
A similar reasoning applied to case ii) leads to
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subject to the initial condition
at tf=ir O =, (6)

WVariables t* and C* denote the dimensionless
time and the normalized substrate concentration
alt the very moment the reactor gets full of reac-
ting fluid, C*; being easily obtained via integration
of Eqn. 2.

Setting the goal of the optimization procedure
at maximizing the molar flow of converted sub-
strate leads to the following objective function

o
max F = [ Q*[1 — C*(t*)] dt* (M
a

The optimum operating volumentric flow rate is
then to be found from?
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where the lower limit was changed in order to
account for the fact that the filling up period is re-
lated to the absence of an oullet stream.

The solution of Eqn. 8 is only possible through
numerical integration leading to extensive, cum-
bersome computation work. The Michaelis-Mentan
model suggests, however, that for low concentra-
tionsz of substrate the reaction can be considered to
be first order with respect to the substrate, whe-
reas for high substrate concentrations the kinetics
become of zeroth order, the concentration of sub-
strate in the vicinity of the Michaelis-Menten con-
stant leading to a kinetic equation with an inter-
mediate fractional order®,. Therefore, the Michaelis-
Menten rate equation is bounded by two asympto-
tic behaviours: K* -+ C* ~ K* and K* -+ C* ~ C¥%,
respectively.

For the case where the biochemical reaction ap-
proaches zeroth order kinetics, Egn. 2 can be inte-
grated to givet

-1
cr =1~ o S for 0 <t* <Tt* <22 (9)

whereas asymptotic first order kinetics yields

—exp (—t*")
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Equation 5 then becomes
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for 0 << Q* <1 (11)

by using Eqn. 9 for zeroth order kinetics (t* 2> t*)),
and
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Fig 1 — Optimum volumetric floww rate vz, total
time of reactor operation, for the case of
asymptotic zeroth order kinetics, using a
fewr values for paramefer t*.
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by using Egn. 10 for its first order counterpart
H_lns } t*tf}_

Using Eqgn. 11 in Egn. 8 and performing some alge-
braic work gives
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for the case of zeroth order kineties. The wvalues
for @* .. vs. t*, for several values of parameter {%;
are sketched in Fig. 1, a zero finding subroutine
having been used to solve Egn. 13,

The other asymptotic case leads to the following
equation
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which enables one to state that the larger Qmas
the larger the objective function F' in the range
with physical significance,

The conditions of validity of the two approxi-
mations developed can then be stated as follows:

H |: Qilluux

C*E-H =
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if K*+ C*,~ C*, then the approximation of
zeroth order kinetics is valid, C*%, being obtained
from a mass balance to the reactor under steady
state operating conditions,

1
- - K*
Q@*max

For the case where K* + 1 ~ K*, the approxi-
'mation of first order kinetics is valid,

The minimum yield of product for the reactor
can be obtained from the definition of the objective
function wusing the second form of the Euler-
-Lagrange equation®d, and assuming Q% = @* (t*),
according to

d

dg*[Q*‘l‘C*l—riQ*—
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where f§ is a constant Lagrangian multiplier. This
auxiliary variable was introduced because the total
volume of the fluid treated must be positive, thus
creating a global restriction to the final solution.
Performing some algebra on Eqn. 16 (cf. Loncin and
Merson®) and using Egns. 5 and 6 in the suitable
asymptotic form enables one to obtain

2
Q% min = t* (17
I

for zeroth order kinetics, and

1 — exp (—§;**)
K* [t + exp (— §**) = 1]

for first order kinetics.

(18)
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Discussion

Although wvery simple, the Michaelis-Menten
model furnishes results in excellent agreement with
the practice!. The uszefulness of the conclusions
dgrawn for the casez where inhibition phenomena
are absent is, therefore, apparent.

The local optimization in the case of first order
asymptotic kinetics is not possible, the final selected
volumetric flow rate lying on an operating cons-
traint; nevertheless, the optimization pattern in the
case of zeroth order asymptotic kinetics leads to
an actual value for the volumetric, flow rate of
reacting fluid whenever the total time of reactor
operation is of the same magnitude of the time
required for completely filling up the reactor. This
fact leads to the definition of the optimum for
reactor operation which may be very useful in the
predesign steps of slow biochemical reactions, as
long as the wvalidity conditions referred to above
are fulfilled.

3 (15)

The reasoning developed extends previous the-
oretical works concerning the design of reactors
f[or operation in steady state conditions® by pro-
viding a tool for the heuristic computation of the
volumetric flow rate in some particular situations
of industrial practice.

The optimum value for the volumetrie low rate
can be compared to the value that would give the
minimum yield of product in the reactor in order
to estimate how far from the worst conditions the
operating pattern is. The values leading to mini-
mum yield are constant volumetric flow rates, so
taking the volumetric flow rate as a constant over
the entire optimization procedure seems to have a
certain physical background.

List of symbols

C — Bubstrate concentration mol m—3
C*  — Normalized zubsirate concentration =C£
F  — Objective function )
4 — Michelis-Menten saturation constant, mol m—3
K* — Dimenzionless Michaelis-Menten saturation
K

conztant = c,

Q — Volumetric flow rate, m#g=1
. C

o — Dimensionless volumetrie flow rate = :ﬁra
g — Dimensionless auxiliary volumetric flow "

rate = Q* K*

— Maximum kinetic rate, mol m—2% g—1

t — Time elapsed since the beginning of reactor

operation, s
t* — Dimensionless time elapzed since the begin-

t
ning of reactor operation = éhn
o
; g L5
t**  — Dimengionless auxiliary time = N
v — Volume of reacting fluid inside the reactor, m?
V*  — Dimensionless volume of reacting fluid inside
Vv

the reactor = Vi
Greek symbol
fi — Lagrangian multiplier
Subscripts
0 — at the inlet conditions
b — when the total time of reactor operation is

over
f — when the reactor gets completely full
m — for the Michaelis-Menten rate equation
min — leading to a minimum yield of product

max — leading to a maximum yield of product
88 — at steady state conditions
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Letters to the Editor

S. Hartland and 5. A. K. Jeelani

Department of Chemical Engineering and
Industrial Chemistry

Swiss Federal Institute of Technology
CH-8092 Zirich

In their reply to our recent letter!, Noworyta
and Krotki feel that we have reacted too strongly
to what they consider Lo be a relatively unimpor-
tant error. They suggest letting the scientific worid
judge the walidity of their * proposed method. In
this respect they quote the work of Kehat and Le-
tan* who experimentally investigated the waria-
tion in the local hold-up in a spray column. For
one type of column they did indeed [ind that the
hold-up decreased along the dispersion height par-
ticularly at high continuous phase throughputs,
Howewver, as they carefully point out this is becau-
se the continuous phase is injected into the middle
of the dispersion thus lowering the hold-up there
and creating considerable turbulence and circula-
tion. For a column operated under more normal
conditions in which the continuous phase is intro-
duced at the top of the dispersion under calm con-
ditions (within the widened disengaging section)
50 the velocities of both phases are constant over
the cross-section, the same authors® demonstrated
thad the hold-up alays increased along the disper-
sion height. This type of column is precisely that
used by Noworyta and Krotki®? as shown clearly
in Figures 2 and 4 of their first paper and in their
flow diagram (Figure 1 of their second paper).
They also referred to the work of Vidjaja who co-
rrectly used the average hold-up as is made clear
in the figures immediately following hiz equations,
For plug flow, the increase in dispersed phase
hold-up along the height in coalescing dispersions
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