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–1

i ∈ N
λi ≥ 0

λ = (λi)i∈N

1∑
i∈N λi = 1 i

vi(λ) v(λ) = (vi(λ))i∈N

i, j dij(φ) (0, 1)

φ ∈ (0, 1)

φ

φ

I (3) φ

dij

N × N

v D(φ)

v(λ) v(λ, φ)

{
v∗ − vi(λ, φ) = 0 if λi > 0

v∗ − vi(λ, φ) ≥ 0 if λi = 0
(1)

λ v∗

(2)

N = 2k+1 (k ≥ 1) –1

0

0 0 1, 3, . . . , 2k − 1

2, 4, . . . , 2k

i, j m(i, j) dij(φ) = φm(i,j)

i j

dij(φ) = φ

1

D1 = 〈e, s〉 (2)

e s

29)

0 (e.g. 1 2)

2

e = s2

D1 e, s N ×N

T (e) =

⎛
⎜⎜⎝

1

. . .

1

⎞
⎟⎟⎠ ,

T (s) =

⎛
⎜⎜⎜⎜⎝

1

S

. . .

S

⎞
⎟⎟⎟⎟⎠ .

S =

(
1

1

)
.

D1

T (g)v(λ, φ) = v(T (g)λ, φ), g ∈ D1 (3)

(3)

λ

λ̇ = λi(vi(λ, φ)− v̄(λ, φ)), ∀i ∈ N . (4)

v̄(λ, φ∗) ≡ λ�v

(λ∗, φ)
28)

F (λ∗, φ) = 0. (5)
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(4)

λ∗

J(λ∗, φ) =
∂F

∂λ
(λ∗, φ). (6)

{

28)

(5)

3.

(1)

m

λ̂ = (λ+,λ0). (7)

λ+ = {λi > 0 | i = 0, 1, . . . ,m− 1},
λ0 = 0N−m.

0k k

m < N m = 1

m = N λ0

λ λ̂

J(λ, φ) :

J(λ̂, φ) =

(
J+ J+0

O J0

)
(8)

J+ = diag(λ0, λ1, . . . , λm−1)

×
(

∂(vi − v̄)

∂λj
| 0 ≤ i, j ≤ m− 1

)
,

J+0 = diag(λ0, λ1, . . . , λm−1)

×
(
∂(vi − v̄)

∂λj
| i = 0, . . . ,m− 1; j = m, . . . , N − 1

)
,

J0 = diag(vm − v̄, . . . , vN−1 − v̄).

J(λ̂, φ)

J+ J0

J+, J0

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

λ+

J+

λ0

J0

J+

vi− v̄ = 0 (m ≤ i ≤ N−1)

4

J0

(2)

(5)

(λc, φc)

(λc, φc)

M 1 ≤ M ≤ N − 1

M

M

Liapunov–

Schmidt Liapunov–Schmidt

(5)

F̃ (δλ, ψ) = 0. (9)

δλ ∈ R
M ∈ R

9 1

(9) (5) 1

1

i,e. M

(5)

1 Ikeda
& Murota29)
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4.

(1)

0 λFA ≡ (1, 0, . . . , 0)

(3)

vi(λ
FA, φ) = vi+1(λ

FA, φ), i = 1, 3, . . . , 2k − 1.

(10)

vi− v0 = vi+1− v0 = 0

(8)

J(λFA, φ) =⎛
⎜⎜⎜⎜⎝
−v0 −v112 · · · −v2k−112

(v1 − v0)I2
. . .

(v2k−1 − v0)I2

⎞
⎟⎟⎟⎟⎠ . (11)

12 = (1, 1) I2 2 × 2

φi
c vi− v0 = 0

φi
c vj−v0 �= 0 (j �= i)

J(λFA, φi
c) 2

(λFA, φi
c) 2

2

(λFA, φ1
c)

(λ, φ) = (λFA, φ1
c) + (δλ, ψ),

δλ ∈ R
2, ψ ∈ R

(λFA, φi
c) (i = 3, . . . , 2k − 1)

1. (λ, φ) = (λFA, φ1
c) + (δλ, ψ)

F̃1 = λ1(aψ + bλ1 + cλ2) + , (12)

F̃2 = λ2(aψ + bλ2 + cλ1) + . (13)

a =
∂g

∂φ

∣∣∣∣
(λ1,λ2,φ)=(0,0,φc)

,

b =
∂g

∂λ1

∣∣∣∣
(λ1,λ2,φ)=(0,0,φc)

,

c =
∂g

∂λ2

∣∣∣∣
(λ1,λ2,φ)=(0,0,φc)

,

g(λ1, λ2, φ) = v1(1− λ1 − λ2, λ1, λ2,0N−3, φ)

− v0(1− λ1 − λ2, λ1, λ2,0N−3, φ).

Proof. II (1)

1 (3)

v(λ)

a < 0 λFA

(12),(13) 1 1

(λFA, φ1
c)

2. (λFA, φ1
c) 2

(λ, φ) = (λFA, φ1
c) + (δλp, ψp), p = 1, 2.

{
δλ1 = w(−1, 1, 0,0N−3), ψ1 ≈ −bw/a,
δλ2 = w(−2, 1, 1,0N−3), ψ2 ≈ −(b+ c)w/a

0 < w � 1.

Proof. II (2)

δλ1 1 δλ2

2

1. (δλ1, ψ1)

e1 ≈ bw, e2 ≈ (c− b)w.

(δλ2, ψ2)

e1 ≈ (b+ c)w, e2 ≈ (b− c)w.

Proof. II (3)

1 b, c

v λFA

λFA

1. φc ∈ (0, 1) φ > φc a < 0

λFA φ < φc

II (4)

1 φc

2 2

2 1 2

2
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–2
; : ; :

3. 1

• c < b < 0 (δλ1, ψ1)

ψ1 < 0

• −b > |c| (δλ2, ψ2)

ψ2 < 0

• (δλ1, ψ1), (δλ2, ψ2)

Proof. II (4)

3 (b, c)

–2 3

φc

(ψ < 0 φ < φc)

φ < φc

φ = φc

5. FO

λFA

FO λFA

(1) FO

FO

I

N

λ = (λi)i∈N

1 L = 1×N

1

σ > 1

μ ∈ (0, 1)

i, j

φ ∈
(0, 1) i, j φm(i,j)

D(φ)

dij = φm(i,j)

i

vi =
μ

σ − 1
lnΔi + lnwi. (14)

Δi =
∑N−1

k=0 dkiλk wi i

w = (wi)i∈N

w =
μ

σ

(
I − μ

σ
DΔ−1Λ

)−1

DΔ−11. (15)

{
D = D(φ), Δ = diag(Δ0, . . . ,ΔN−1),

Λ = diag(λ0, . . . , λN−1), 1 = (1, . . . , 1)�.

(2) λ = λFA

–

3 0

0 1, 2, . . . , k

0 0
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–3 5

k + 1, k + 2, . . . , 2k λ = λFA

2. λ = λFA i

(14)

v0 =ln

(
θ

1− θ

)
+ ln (2k + 1), (16)

vi =ln

(
θ

1− θ

)
+

iμ

σ − 1
lnφ+ ln v̂i,

1 ≤ i ≤ k. (17)

v̂i = (θk + k + 1)φi + (1− θ)
[
(k − i)φ−i + S

]
,

θ = μ/σ ∈ (0, 1), S =
i∑

p=1

φi−2p.

Proof. III (1)

2

0 ≤ i ≤ k

(3)

φ

φ 1

3. φ = 1 − ε (0 < ε � 1)

(16),(17)

v0 > v1 > v2 > · · · > vk. (18)

Proof. III (2)

3 φ 1 J0

vi − v0 (i = 1, . . . , 2k)

λFA

φ 3

φ
2 vi φ→ 0

2 (16) v0 φ

4. 1 ≤ i ≤ k

lim
φ→0

vi =⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

+∞, (μ < σ − 1),

ln

(
σ − 1

σ

)
+ ln (k − i+ 1), (μ = σ − 1),

−∞, (μ > σ − 1).

μ < σ−1 FO no-black-hole

condition1)

Proof. III (3)

4 no-black-hole condition

φ vi (i �= 0) v0

λFA

3,4

4. no-black-hole condition (μ < σ − 1)

1. (λFA, φ) k

2. φs ≡ max.
i

φi
c φs < φ λFA

3. φs

Proof. III (4)

4 no-black-hole condition

φ vi

3 vi vj (i �= j) φ

5. no-black-hole condition(μ < σ − 1)

(16),(17)

v0 < v1 < v2 < · · · < vk, (φ→ +0). (19)

Proof. III (5)

i.e., σ

μ

(4) σ, μ

Fujita, et al.27) 2

μ

σ
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FO

i (i = 1, 2, . . . , k)

(σ, μ)

φs

σ, μ i

σ, μ

6. φs (φs, σ, μ)

max (v1, . . . , vk) = vi

dφs

dσ
> 0,

dφs

dμ
< 0.

Proof. III (6)

σ

dφs/dσ > 0

μ

dφs/dμ < 0

30)

6.

FO 9

26)

(1)

σ, μ λFA

–4

σ, μ

–4 (i.e. σ μ

)

–4 μ =
σ − 1

–5 μ φs

6 σ μ

σ

μ

–5

–4, 5 FO
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(2)

FO FO

φ

–6

–6

(σ, μ) = (6.0, 0.4) no-black-hole

condition 4

(k =)4

B

φ

3

C

B

7.

2

4 4

FO

FO

2

4

NEG

NEG 25)

6 2

18K18874

I FO

(1)

i U

U(CM
i , CA

i ) = μ lnCM
i + (1− μ) lnCA

i . (I.1)

μ ∈ (0, 1)

CA
i CM

i

i i CM
i

CES

CM
i =

⎛
⎝N−1∑

j=0

∫ nj

0

qji(�)
(σ−1)/σd�

⎞
⎠

σ/(σ−1)

(I.2)

qji(�) j � ∈
[0, nj ] i nj j

σ > 1

pAi C
A
i +

N−1∑
j=0

∫ nj

0

pji(�)qji(�)d� = Yi. (I.3)

pAi i pji(�)

j i �

Yi i
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 �

(a) ; : max.
i

(λi)i∈N ; : ; : ; : ; :

A B C D

E F G H I

(b)

–6 FO ; (σ, μ) = (6.0, 0.4)

wi, w
L
i

i (I.3)

CA
i = (1− μ)

Yi

pAi
, CM

i = μ
Yi

ρi
, qji(�) = μ

pji(�)
−σYi

ρ1−σ
i

.

ρi i

ρi =

⎛
⎝N−1∑

j=0

∫ nj

0

pji(�)
1−σd�

⎞
⎠

1/(1−σ)

. (I.4)

i wiλi + wL
i

j � i

Qji(�)

Qji(�) = μ
pji(�)

−σ

ρ1−σ
i

(wiλi + wL
i ). (I.5)

(2)

1

1 1

i pAi = wL
i = 1

Dixit & Stiglitz

α β

i (pij(�) | j =

0, . . . , N − 1)

Πi(�) =

N−1∑
j=0

pij(�)Qij(�)− (αwi + βχi(�)). (I.6)

χi(�) i �
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αwi + βχi(�)

χi(�)

χi(�) =

N−1∑
j=0

τijQij(�). (I.7)

i (I.6)

Πi(�) =

N−1∑
j=0

pij(�)Qij(�)−
⎛
⎝αwi + β

N−1∑
j=0

τijQij(�)

⎞
⎠ .

(I.8)

(I.8)

pij(�) =
σβ

σ − 1
τij . (I.9)

(I.9) pij(�), Qij(�), χi(�) �

(�)

(3)

τ > 0 τij = τij(τ)

τij(τ) = exp(τm(i, j)). (I.10)

m(i, j) i, j

dij

dji = τ1−σ
ji . (I.11)

dji j, i

φ = exp(−τ(σ − 1)). (I.12)

τ > 0 0 < φ < 1

dij = φm(i,j)

(4)

λ = (λ0, . . . , λN )

(I.7)

Πi(�) = 0

(I.8)

wi =
1

α

⎛
⎝N−1∑

j=0

pijQij − β

N−1∑
j=0

τijQij

⎞
⎠ . (I.13)

αni = λi

(I.4)

ρi =
σβ

σ − 1

⎛
⎝ 1

α

N−1∑
j=0

λjdji

⎞
⎠

1/(1−σ)

. (I.14)

(I.13) Qij

wi

wi =
μ

σ

N−1∑
j=0

dij
Δj

(wjλj + 1). (I.15)

Δj =
∑N

k=0 dkjλk (I.15) wi

(I.15)

w =
μ

σ
DΔ−1(Λw + 1). (I.16)

⎧⎪⎨
⎪⎩

w = (wi)i∈N , D = D(φ),

Δ = diag(Δ0, . . . ,ΔN−1),

Λ = diag(λ0, . . . , λN−1), 1 = (1, . . . , 1)�.

(I.16) w

w =
μ

σ

(
I − μ

σ
DΔ−1Λ

)−1

DΔ−11. (I.17)

(I.1),(I.14) i

vi

vi =
μ

σ − 1
lnΔi + lnwi. (I.18)

II 4 ,

4

(1) 1

(4)

Fi(λ, φ) = λi(vi(λ, φ)− v̄(λ, φ)) = 0, i ∈ N (II.1)

(λFA, φ1
c) v1 − v0 = 0

(II.1) Jc ≡ J(λFA, φ1
c)

Jc =⎛
⎜⎜⎜⎜⎜⎜⎜⎝

−v0 −v012 −v312 · · · −v2k−112

0× I2

(v3 − v0)I2
. . .

(v2k−1 − v0)I2

⎞
⎟⎟⎟⎟⎟⎟⎟⎠

. (II.2)

λ, φ

λ = λFA +w +w,

φ = φ1
c + ψ, ψ ∈ R.
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w ∈ ker (Jc), w ∈ (ker (Jc))
⊥.

ker (Jc) Jcη = 0

ker (Jc) =

{η ∈ R
2 | η0 + η1 + η2 = 0, ηj = 0, j = 3, . . . , 2k}.

(II.3)

ker (Jc)

η1 = (−1, 1, 0, 0, 0, 0, . . . , 0, ),
η2 = (−1, 0, 1, 0, 0, 0, . . . , 0, ).

w = λ1η1 + λ2η2 (II.4)

(ker (Jc))
⊥

η0 = (1, 1, . . . , 1), (II.5)

ηj = (0, 0, 0, 0, . . . , 0︸ ︷︷ ︸
j−3

, 1, 0, . . . , 0︸ ︷︷ ︸
2k−j

),

(j = 3, 4, . . . , 2k). (II.6)

w = xη0 +

2k∑
j=3

λjηj , x ∈ R (II.7)

λ =

(1− λ1 − λ2 + x, λ1 + x, λ2 + x, . . . , λ2k + x).

(II.8)

w̄ Fj (3 ≤ j)

(λFA, φ1
c) vj − v �= 0 (j = 3, 4, . . . , 2k)

(λFA, φ1
c)

vj − v �= 0

λj = 0, j = 3, 4, . . . , 2k. (II.9)

2k∑
i=0

λi = 1. (II.10)

2k∑
i=0

λi = 1 + (2k + 1)x (II.11)

(II.11) (II.10) x = 0

w̄

ξ�Jc = 0�

ξ1 = (0, 1, 0, 0, 0, 0, . . . , 0)�, (II.12)

ξ2 = (0, 0, 1, 0, 0, 0, . . . , 0)�. (II.13)

(II.1) (II.12),(II.13)
29)

F̃1(λ1, λ2, ψ) = λ1(v1 − v) = λ1(v1 − v0), (II.14)

F̃2(λ1, λ2, ψ) = λ2(v2 − v) = λ2(v2 − v0). (II.15)

F0 = (1− λ1 − λ2)(v0 − v) = 0

v = v0

(II.14),(II.15)

v0, v1, v2 λ1, λ2, ψ

vi = vi(1− λ1 − λ2, λ1, λ2,02k−3, ψ),

i = 0, 1, 2.

g(λ1, λ2, ψ) ≡ v1 − v0 g

g(λ1, λ2, ψ) =

∞∑
a=0

∞∑
b=0

Aab(ψ)λ
a
1λ

b
2, (II.16)

v2 − v0 = g(λ2, λ1, ψ)

v2 − v0 =

∞∑
a=0

∞∑
b=0

Aab(ψ)λ
a
2λ

b
1. (II.17)

(λ1, λ2, ψ) = (0, 0, 0)

∂F̃1

∂λ1

∣∣∣∣∣
(λ1,λ2,ψ)=(0,0,0)

= 0 (II.18)

A00(0) = 0 A00(ψ) ≈
A′

00(0)ψ Aab(0) �= 0

Aab(ψ) ≈ Aab(0)

F̃1 ≈ x1[A
′
00(0)ψ +A10(0)x1 +A01(0)x2], (II.19)

F̃2 ≈ x2[A
′
00(0)ψ +A10(0)x2 +A01(0)x1]. (II.20)

A′
00(0), A10(0), A01(0)

A′
00(0) =

∂g

∂φ

∣∣∣∣
(λ1,λ2,ψ)=(0,0,0)

,

A10(0) =
∂g

∂λ1

∣∣∣∣
(λ1,λ2,ψ)=(0,0,0)

,

A01(0) =
∂g

∂λ2

∣∣∣∣
(λ1,λ2,ψ)=(0,0,0)

.

(2) 2

F̃1, F̃2 (λ1, λ2) = w(1, 0)

F̃1 ≈ w1(A
′
00(0)ψ +A10(0)w1), (II.21)

F̃2 = 0. (II.22)

ψ ≈ −A10(0)w

A′
00(0)

. (II.23)
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F̃1, F̃2 (λ1, λ2) = w(1, 1)

F̃1 = F̃2 ≈ w2(A
′
00(0)ψ +A10(0)w2 +A01(0)w2).

(II.24)

ψ ≈ − (A10(0) +A01(0))w

A′
00(0)

. (II.25)

(3) 1

J ≈
(

J11 A01(0)x1

A01(0)x2 J22

)
. (II.26)

J11 = A′
00(0)ψ + 2A10(0)x1 +A01(0)x2,

J22 = A′
00(0)ψ + 2A10(0)x2 +A01(0)x1.

(x1, x2) = w1(1, 0), ψ = ψ1

J ≈ w1

(
A10(0) A01(0)

0 A01(0)−A10(0)

)
. (II.27)

e1 ≈ A10(0)w1, (II.28)

e2 ≈ (A01(0)−A10(0))w1. (II.29)

(x1, x2) = w2(1, 1), ψ = ψ2

J ≈ w2

(
A10(0) A01(0)

A01(0) A10(0)

)
(II.30)

e1 ≈ (A10(0) +A01(0))w2, (II.31)

e2 ≈ (A10(0)−A01(0))w2. (II.32)

(4) 3

(x1, x2) = (0, 0)

J = A′
00(0)ψI (II.33)

A′
00(0)ψ

1

A′
00(0) < 0

(δλ1, ψ1) A10(0) < 0

A01(0) − A10(0) < 0 ψ1

A01(0) < A10(0) < 0

A10(0) < 0, A′
00(0) < 0, w > 0

(II.23) ψ1 < 0

(δλ2, ψ2) A10(0)−A01(0) <

0 A10(0)+A01(0) < 0 ψ2

A10(0) < A01(0) < −A10(0)

0 < A10(0)

A10(0) < 0 −A10(0) > |A01(0)|
A10(0) + A01(0) < 0, A′

00(0) < 0, w > 0

(II.25) ψ2 < 0

III 5 ,

5

λ = λFA (16),(17)

v0 =ln

(
θ

1− θ

)
+ ln (2k + 1), (III.1)

vi =ln

(
θ

1− θ

)
+

iμ

σ − 1
lnφ+ ln v̂i,

1 ≤ i ≤ k. (III.2)

v̂i = (θk + k + 1)φi + (1− θ)
[
(k − i)φ−i + S

]
,

(III.3)

θ = μ/σ ∈ (0, 1), S =
i∑

p=1

φi−2p. (III.4)

(1) 2

λ = λFA w

–3

D

D =

⎛
⎜⎝

1 D1 D1

D�
1 D2 D3

D�
1 D3 D2

⎞
⎟⎠ . (III.5)

D1 = (φ, φ2, . . . , φk),

D2 = {D2,ij = φ|j−i| | 1 ≤ i, j ≤ k},
D3 = {D3,ij = φ|i+j| | 1 ≤ i, j ≤ k}.

λ = λFA

(Δ0,Δ1, . . . ,Δ2k) = (1, D1, D1) (III.6)

Δ

Δ = diag (1, D1, D1).

Θ = [diag (D1)]
−1

DΔ−1 =

⎛
⎜⎝

1 D1 D1

D�
1 D2 D3

D�
1 D3 D2

⎞
⎟⎠

⎛
⎜⎝

1

Θ

Θ

⎞
⎟⎠

=

⎛
⎜⎝

1 D1Θ D1Θ

D�
1 D2Θ D3Θ

D�
1 D3Θ D2Θ

⎞
⎟⎠ .
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DΔ−11, DΔ−1Λ

DΔ−11 =

⎛
⎜⎝

N

Ψ

Ψ

⎞
⎟⎠ ,

DΔ−1Λ =

⎛
⎜⎝

1

D�
1

D�
1

⎞
⎟⎠ .

N = 2k + 1,

Ψ =
(
(k + 1)φi + (k − i)φ−i + S | 1 ≤ i ≤ k

)
,

S =
i∑

p=1

φi−2p

k × k Ik

IN − θDΔ−1Λ =

⎛
⎜⎝

1− θ

−θD�
1 Ik

−θD�
1 Ik

⎞
⎟⎠

(I − θDΔ−1Λ)−1 =

1

1− θ

⎛
⎜⎝

1

θD�
1 (1− θ)Ik

θD�
1 (1− θ)Ik

⎞
⎟⎠ .

(IN − θDΔ−1Λ)−1DΔ−11 =

1

1− θ

⎛
⎜⎝

N

θND�
1 + (1− θ)Ψ

θND�
1 + (1− θ)Ψ

⎞
⎟⎠ . (III.7)

(III.7) (15)

w0 =
θ(2k + 1)

1− θ
, (III.8)

wi = wi+k =
θ

1− θ
{(θk + k + 1)φi

+ (1− θ)
[
(k − i)φ−i + S

]},
1 ≤ i ≤ k. (III.9)

(III.6),(III.8),(III.9) (14)

(III.1), (III.2)

(2) 3

φ ≈ 1 (φ < 1) vi > vi+1 (0 ≤ i ≤ k−1)

φ =

1− ε (0 < ε� 1) vi − vi+1

vi φ = 1 vi (1 ≤ i)

vi
∂(ln φ)

∂ε
=

1

1− ε

iμ

σ − 1
lnφ ≈ − iμ

σ − 1
ε. (III.10)

vi ln v̂i

∂ (ln v̂i)

∂ε
= − 1

v̂i
{(i(θk + k + 1)(1− ε)i−1

+ (1− θ)[i(i− k)(1− ε)−(i+1) + Ŝ]}.

Ŝ =

i∑
p=1

(i− 2p)(1− ε)i−2p−1.

φ = 1

∂ (ln v̂i)

∂ε

∣∣∣∣
ε=0

= −
(
θi+

(1− θ)i2

2k + 1

)
.

vi

ln v̂i ≈ ln (2k + 1)−
(
θi+

1− θ

2k + 1
i2
)
ε. (III.11)

(III.10),(III.11) (III.2)

vi ≈ ln

(
θ(2k + 1)

1− θ

)
−
[(

θ +
μ

σ − 1

)
i+

1− θ

2k + 1
i2
]
ε

= v0 −
[(

θ +
μ

σ − 1

)
i+

1− θ

2k + 1
i2
]
ε,

1 ≤ i ≤ k − 1. (III.12)

0 < θ < 1 (III.12) v0 <

vi (1 ≤ i ≤ k − 1)

vi − vi+1 ≈
[
θ +

μ

σ − 1
+

(1− θ)(2i+ 1)

2k + 1

]
ε > 0.

(III.13)

v0 > v1 > v2 > · · · > vk.

(3) 4

vi (III.2)

vi

ln v̂i = ln
(
Aφi +Bφ−i + CS

)
. (III.14)

A ≡ θk + k + 1 > 0,

B ≡ (1− θ)(k − i) > 0,

C ≡ 1− θ > 0.

(III.14) S (III.4)

S =
φi − φ−i

φ2 − 1
. (III.15)
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(III.15) (III.14)

ln

(
Aφi +Bφ−i + C

φi − φ−i

φ2 − 1

)
=

ln

((
A+

C

φ2 − 1

)
φ2i +

(
B − C

φ2 − 1

))

− i lnφ. (III.16)

(III.16) vi

vi =ln

(
θ

1− θ

)
+ (ρ− 1)i lnφ

+ ln

((
A+

C

φ2 − 1

)
φ2i +

(
B − C

φ2 − 1

))
.

(III.17)

ρ =
μ

σ − 1
, ρ ∈ (0,∞).

(III.17)

lim
φ→+0

ln φ = −∞, (III.18)

lim
φ→+0

ln

((
A+

C

φ2 − 1

)
φ2i +

(
B − C

φ2 − 1

))

= ln (B + C). (III.19)

(III.18),(III.19) (III.17) vi

lim
φ→0

vi =⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

+∞, (μ < σ − 1),

ln

(
σ − 1

σ

)
+ ln (k − i+ 1), (μ = σ − 1),

−∞, (μ > σ − 1).

(4) 4

1. 3,4 vi − v0 = 0 (1 ≤
i ≤ k) φ = φi

c

2 φi
c

2. 3 vi φs < φ vi−v0 < 0

φs < φ

3. v φs

φs 1

(5) 5

ρ = μ/(σ − 1)

v0 < vi (i �= 0) μ < σ − 1

ρ < 1 v0 < +∞
4

v0 < vi, (φ→ 0, i �= 0). (III.20)

vi < vi+1 (1 ≤ i ≤ k− 1)

vi+1 − vi

vi

vi =ln

(
θ

1− θ

)
+ (ρ− 1)i lnφ

+ ln

((
A+

C

φ2 − 1

)
φ2i +

(
B − C

φ2 − 1

))
.

(III.21)

B i B(i)

(III.21) vi+1− vi

vi+1 − vi = (ρ− 1) ln φ+ V (φ). (III.22)

V (φ) =

ln

⎛
⎝
(
A+ C

φ2−1

)
φ2i+2 +

(
B(i+ 1)− C

φ2−1

)
(
A+ C

φ2−1

)
φ2i +

(
B(i)− C

φ2−1

)
⎞
⎠ .

V (φ)

lim
φ→+0

V (φ) = ln

(
B(i+ 1) + C

B(i) + C

)

= ln

(
k − i

k − i+ 1

)
ρ < 1 vi+1 − vi

lim
φ→+0

(vi+1 − vi)

= (ρ− 1)

(
lim

φ→+0
lnφ

)
+ ln

(
k − i

k − i+ 1

)

= +∞
vi < vi+1 (φ→ 0) (III.20)

v0 < v1 < v2 < · · · < vk, (φ→ +0).

(6) 6

φs (φs, σ, μ)

vi = v0 g(φ, σ, μ) ≡ vi − v0

(III.1),(III.2) g(φ, σ, μ)

g(φ, σ, μ) =
iμ

σ − 1
lnφ+ lnX − ln (2k + 1).

X = (θk + k + 1)φi

+ (1− θ)

[
(k − i)φ−i +

i∑
p=1

φi−2p

]
> 0.

g(φs, σ, μ) = 0

σ, μ φs

g(φs + φs, σ + σ, μ + μ) = 0

g(φs, σ, μ)

dg =
∂g

∂φ
dφs +

∂g

∂σ
dσ +

∂g

∂μ
dμ = 0. (III.23)
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g(φs, σ, μ)

∂g

∂φ
=

iμ

φ(σ − 1)
+

Y

X
, (III.24)

∂g

∂σ
= − iμ

(σ − 1)2
lnφ+

1

X

∂X

∂σ
, (III.25)

∂g

∂μ
=

i

σ − 1
lnφ+

1

X

∂X

∂μ
. (III.26)

Y = (θk + k + 1)iφi

+ (1− θ)

[
(i− k)iφ−i−1 +

i∑
p=1

(i− 2p)φi−2p−1

]
,

∂X

∂σ
= − 1

σ2
E, (III.27)

∂X

∂μ
=

1

σ
E, (III.28)

E = kφi − (k − i)φ−i −
i∑

p=1

φi−2p. (III.29)

μ (dμ = 0) dg/dσ

dμ = 0 (III.23)

dφs

dσ
= − ∂g

∂σ
/
∂g

∂φs
. (III.30)

∂g/∂φ (III.24)

∂g/∂φ

g(φs + dφs, σ, μ) < 0, 0 < dφs � 1 (III.31)

lim
dφs→+0

g(φs + dφs, σ, μ)− g(φs, σ, μ)

dφs
< 0 (III.32)

g C1

(III.32)

∂g

∂φ

∣∣∣∣
φ=φs

= lim
dφs→+0

g(φs + dφs, σ, μ)− g(φs, σ, μ)

dφs
< 0.

∂g/∂σ 0 < φs < 1

(III.29)

E = kφi
s − (k − i)φ−i

s −
i∑

p=1

φi−2p
s

< kφi
s − (k − i)φi

s −
i∑

p=1

φi
s = 0

∂X/∂σ > 0

∂g

∂σ

∣∣∣∣
φ=φs

> 0.

dμ = 0 (III.30)

dφs

dσ
> 0.

σ (dσ = 0) dg/dμ

dσ = 0 (III.23)

dφs

dμ
= − ∂g

∂μ
/
∂g

∂φs
. (III.33)

∂g/∂φs ∂g/∂μ

E < 0

∂X

∂μ
=

1

σ
E < 0. (III.34)

∂g

∂μ

∣∣∣∣
φ=φs

< 0.

(III.30) dσ = 0

dφs

dμ
< 0.
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