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Abstract
Investments in human capital are individual antlective choices with significant external

effects. Educated parents and friends speed upuman capital accumulation. Skilled colleaguesatkw
increase our own productivity. Sharing experiengitls cultured people is a pleasyer se

Introducing such human capital externalities inydized model a la Uzawa (1965), we find that
growth can be no longer balanced and the equilibglobally indeterminate.

Growth goes to one and capital attains a ceilingfimite lapse of time above the critical value of
initial labor supply corresponding to the balangealwth path..

In the case of a constant tax rate, the governineatommended to apply a positive rate to speed
up the human capital accumulation during a tramsito the capital ceiling.
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1 Introduction

The notion of human capital was introduced by Adamth in 1776 and updated by Arthur Cecil
Pigou in 1928. The modern theory of human capitdkrms of education and health dates back to
Schultz (1961) and Becker (1964). Ben-Porath (196Xed the way to the research on educational
attainment, on-the-job training and wage growthrabe life cycle. Uzawa (1965) pioneered the
family of growth theories based on human capitauawlation. The potential of human capital as
engine of perpetual growth was fully understooBasen’s empirical contribution (1976) and Lucas’
influential model (1988). After Lucas, the literegdeveloped fast with hundred of contributions on
both empirical and theoretical grounds.

Broadly speaking, investments in human capital moe only choices with individual
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consequences, but they also bring large exterfeadtefwith social consequences. Growing in a family
with educated parents, or studying in a class witlivated colleagues, increases the own speed of
human capital accumulation. Working where the huncapital is denser increases our own
productivity because the advice and the exampkhebthers matter. Finally, living with educated
and fit people is a pleasuper se

Jacobs (1970) and Acemoglu (2009) stress in getterable of human capital externalities
suggesting that the concentration of economic it cities is both an effect of these exterradit
and an engine of economic growth through the exgpharf ideas among workers and entrepreneurs.
Some papers consider the effects of human capitdiuman capital accumulation. For instance,
concerning education and human capital formatios réader is referred to De la Croix and Doepke
(2003), Tamura (2001), Cervellati and Sunde (2008jile, regarding health and human capital
accumulation, to De la Croix and Licandro (1999 &alemli-Ozcan et al. (2000). Very few papers
focus on the human capital impact as a positivereatity on human capital accumulation. Among
them, Mookherjee et al. (2010) study an overlapmjegerations economy with a distribution of
household locations. Parents decide whether dorextucate their children, but educational decsion
are affected by location. Local complementarityinmestment incentives stems from aspirations
formation, learning spillovers and local public do&avalcanti and Giannitsarou (2017) focus on
positive network externalities (local peer) on hansapital accumulation. They reconsider the trade-
off between growth and inequality embedding networko an endogenous growth model with
overlapping generations.

Human capital can also affect technology and peefess.

Following Uzawa (1965), Lucas (1988) considersithman capital as an ingredient of labor
productivity and, then, as an engine of perpetualvth. Moreover, in his influential contribution,
Lucas introduces also the human capital as a patenbductive externality in the production furaeti

The literature becomes thinner regarding the immdchuman capital on preferences.
Although sociologists find some evidence aboutrtile of education in life enjoyment, economists
seem to neglect the role of human capital in welf&mong the sociologists, Ross and Wu (1995)
find that better educated agents have a moregatigbb. They are also in a healthier conditiod an
control more their lives. Among the economists kElstein et al. (2013) observe a complementarity
between health and consumption demand: the emipangdence suggests that human capital does
increase the marginal utility of consumption. Fratiheoretical point of view, Bosi et al. (2020)dstu
a market economy with human capital in the utifitlpction and the dynamic consequences in the
short and long run. However, they do not consideriuman capital as a positive externality but only
as an individual choice. Conversely, we take alsacicount these positive external effects.

We introduce these different kinds of human camtdakrnalities in a stylized model a la

Lucas (1988) and study how they interact in theicghof time to work versus time to accumulate



human capital, and how they affect the stabilityparties of equilibria and growth. Since we wish to
highlight the role of human capital, we simplify roanalysis and disregard physical capitdh
addition, we do not consider the possibility obleie or unemployment: individuals spend their time
to work or to study, that is to accumulate humapitah In the word history, a secular stagnation ca
take place when individuals don't work much and'tlstudy much slowing both the accumulations
of physical and human capital (see EichengreensRérhong others). We do not consider such slow-
down in capital accumulation, even if, in our modgbwth can be bounded.

Our model is articulated in two parts.

First, (1) we study the effects of human capitabmalities on productivity, human capital
accumulation and preferences, then, (2) we intredunceducational fiscal policy to increase thedpee
of human capital accumulation.

In the first part, we consider a simplified frameWwahere human capital externalities do not
affect human capital accumulation.

In this case, the Balanced Growth Path (BGP) existg for a critical value of the initial
labor supply. Below this value, trajectories satigfj the dynamic system violate a necessary
transversality condition; above, the equilibriurbda supply converges to one (its maximal amount)
implying that human capital converges to a statipreeiling. Solving the system of differential
equations, we provide the trajectories of humaritabgnd labor supply as explicit functions of time
In the particular case of BGP, the growth rate éases in agents’ patience, learning easiness,
productivity and propensity to human capital.

Conversely, positive capital externalities on capdtccumulation rules out the BGP. In this
case, we prove that the labor supply reaches oadinite lapse of time and, from this critical éat
the households spend all the time at their dispsalork and, therefore, the human capital stops to
grow.

In both the cases, with or without effects of calpgixternalities on capital accumulation, the
equilibrium can be globally indeterminate becalmelabor supply is a non-predetermined variable.
This implies that two economies identical in terafigreferences, technologies (of production and
human capital accumulation), and the same initiadlovment of capital accumulation, may
experience different growth paths.

In the second part, we show that taxation mattarsgd transition. The positive effects of
educational public spending externalities and realy, of human capital on capital accumulation, a
above, rules out the BGP.

When the initial labor supply is below a criticallve, we can not exclude that the decrease

in labor supply to zero and the unbounded increakeman capital compensates the loss in working

1 Concerning the interplay between human and phlysigatal, the interested readers are referred pgnathers, to the seminal
Lucas (1988) for an infinite-horizon framework orthe more recent Davin et al. (2015) for an OLGleto
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time to ensure an optimal consumption level. Wheninitial labor supply exceed a critical value,
labor supply increases to one in a finite lapsinog, agents stop to invest in education and timeamu
capital attains a stationary ceiling. As abovedfeilibrium can be globally indeterminate.

These results raise a question on the optimalithisfiscal policy. A government constrained
to announce, with commitment, a constant tax m@ever, will fix a positive tax rate even in thesea
of bounded growth (ceiling). Public spending (asal, taxation) matters during transition from the
initial stock of capital to the ceiling, speedingthe accumulation of human capital but it hasffece
once attained the ceiling. At best, this fiscalipolimplements a second best because of market
imperfections (positive human capital externaljtiead the announcement of a fix tax rate with

commitment.

2 Fundamentals

Human capital is a positive externality with a #fadd effect. We assume that the average human
capital in the society increases: (1) workers’ picitvity, (2) the (speed of) human capital
accumulation, (3) households’ utility. For notaébmparsimony, we omit the time argument in the
following variables.

(1) The average human capital enhances the indiigtoductivity. For simplicity, we
consider the labor services as a single input. Eneyhe product of the worker's human capital §me
her working time:hl. Productiony is proportional to this input by a factat(h):

y = f(hl) = A(h)hl
The productivity of labor services is constant ifadtividuals but it increases in the average human
capital from a social perspective.

(2) Formally, the external effect on human cagtaiumulation takes place as follows:

= B(R)a -1 (1)

where h denotes the individual human capital (educatichlzalth in short)h the average human
capital in the society] the labor supply. The differential equation (1)amg that the growth rate of
human capital depends on the time spent in intellé@nd physical education, which is equal to the
whole time at the disposal, normalized to one,tlessvorking time:1 — [, with [ < 1 For simplicity,
we assume the growth rate to be proportional taz&tin time by a factoB(i_z) which is constant
for individuals but increasing in the average hurcapital from a social perspective.

(3) Finally, living in a rich milieu in terms of Inan capital, where people are educated and
fit can be a pleasant experience:

u=u(c, h h)

with du/dh > 0. We notice that the felicity: depends on consumptian individual human capital
(indeed educated and fit people seem to enjoyridec) and, as seen above, the surrounding average



human capitalr seen as a positive externality.

These three effects are assumed to be, plaustatynagative externalities.

Assumption 1 A4,B,u € C? with A(h)>0, B(h)>0, A'(R)=0, B'(h)=0, du/
dh =0 forany h > 0. u is also strictly increasing and strictly concave(c, h).

At this stage, the model remains intendedly genétaivever three main sub-models are
nested in the general one according that we consiteby one the above-mentioned external effects:

(1) externality only on production8(h) = B, du/dh = 0;

(2) externality only on capital accumulatioA(h) = A4, du/dh = 0;

(3) externality only on preferenced(h) = 4, B(h) = B.

In the following, we consider a market economystfia basic model where the accumulation
of human capital only depends on the individualicéosecond, an economy where the government

levies a proportional income tax to finance theljsidpending in physical and intellectual education

3 A simplemode of market economy
There are two types of agents: the firm and thesébald. Each firm chooses the labor (services)
demand, each consumer-worker the consumption dearahthe labor (working time) supply. These

agents take prices as given. A general equilibriveehanism determines these prices.

3.1 Demandsand supplies
There are many firms with no market power. For sicitg, we consider a continuunfi0,1] of

infinitely small firms. The program of firmj € [0,1] is a simple profit maximization:
max; (x;)

where the profit is given byr;(x;) = f(x;) — wx; = A(h)x; —wx; and x; = h;l; denotes the
amount of labor services demanded by the price-fake j. w is the wage per unit of labor services.
om;/dx; = 0 implies that, at equilibrium, the wage is equahi® productivity of labor servicesy =
A(h), which depends on the average human capital indbiety.
The household maximizes an intertemporal utilitydtional
max fooo e %u(c,h,h) )

subject to the law of capital accumulation, thestint on labor supply and the budget constraint;

% <B(h)1-1D (3)
I<1 4)
c=y=whl

We observe that, in our simple model, the produas entirely consumed and there is no



physical capital.

Our formulation of the human capital accumulatisrnciose to Uzawa (1965) and Lucas
(1988). Indeed, since8(h) is given, the investment in human capifalis linear in h:? A=
hB(h)(1 —1). This approach allows us to solve the system ftéreintial equations and provide the
explicit trajectories for human capital and labapgly in the isoelastic case (see Proposition 8viel

To solve the household’s program, we introduceamiltonian:

H(h,1,4,t) = e %u(whi, h,h) + 2hB(R)(1 — D) + v(1 — 1) (5)
and we apply the Pontryagin’s maximum principle.

Proposition 1 (necessary conditions) Under Assumption 1, the first-order conditions afgram
(2) are given by

w du 3
K=smac  nem v
bop-B(R)A -1 -2 (Zwi+2) v
F=BEA-D :

jointly with min{é, 1 — [} = 0 and the transversality condition
tlim e % u(t)h(t) € R, 9)

where u = 1e%" is the shadow price of human capital ahek ve®.

Proof. See the Appendixm
Equation (6) says that the multiplier is an adjdsterginal utility. Equation (7) captures the
intertemporal arbitrage (Euler equation), equat®)rs the law of motion with equality.

Remark 2 (sufficient conditions) The Mangasarian (1966) condition states that thetB@gin
necessary conditions and the concavity of the Hanidn function with respect to the state and
control variables, are sufficient for optimalityn lour case, the Mangasarian condition does not
necessarily hold because the teﬂhB(}_l)(l — 1) in the Hamiltonian function (5) is not concave in
(h,1). Arrow (1968) provides a less demanding conditiat we will check in the particular case of
isoelastic fundamentals and no human capital esléres on human capital accumulation
(Proposition 5 below).

2 Lucas (1988) also consideredpriori, the possibility ofh being concave ork, but he put aside this parameterization sinceether

would be no endogenous growth at all.



Remark 3 (transver sality condition) The usual transversality conditioim;_,,A(t)h(t) = 0 does
not necessarily hold. The transversality conditiom,_,,A(t)h(t) € R is necessary for optimization
(see, among others, Bosi et al. (2020), proof ajpBsition 1), whilelim,_,A(t)h(t) =0 is a
sufficient condition for an interior solutioifh, ) to system (6)-(8) satisfying the above concavity
conditions (Pontryagin et al.,, 2018, page 49). Masgonomic papers select the equilibrium
trajectories using the transversality conditiohim;_A(t)h(t) = 0 without proving that this
condition is necessary for optimality. Halkin prdes a mathematical example, but meaningless in
economic terms (see the footnote at page 46 invAmod Kurz (1970) and the counterexample at
page 271 in Halkin (1974)). When the objective fioncand the law of motion are continuously
differentiable, a necessary transversality conditis lim,_.H(h(t),l(t),A(t),t) = 0 where the
trajectory (h,1) is solution to system (6)-(8) (see Michel (1982Acemoglu (2009, equation (7.68)
at page 255)). When the value function is finhés tondition implies the transversality condition:
limA(DA(E) = 0

(see equation (7.71) at page 255 in Acemoglu (2009)

Summing up, we can say that transversality conwitidim,_,A(t)h(t) € R and
lim,,, A(t)A(t) = 0 are necessary under mild assumptions such atiieeous differentiability
of objective and constraints: they help to selbet $olutions among the trajectories satisfying the
dynamic system such (6)-(8) in our model. Convgrsehe usual transversality condition
lim;,,A(t)h(t) = 0 is no longer necessary without more demandingicéshs such as some
boundedness condition on the fundamentals (Assomgtil, point (3) in Acemoglu (2009) or
Assumption 4.3 in Kamigashi (2002)).

As we will see, in our case, the restrictive AcetlasgAssumption 7.1 does not apply, but,
fortunately, the less demanding transversality @@

limA(D)A(t) = 0 (10)

works to exclude a large set of trajectories artdrd@ne the set of equilibrium trajectories.

3.2 Equilibrium
Let us introduce the elasticities of labor senpeeductivity and human capital accumulation with

respect to the human capital externality:

__ hA'(h) _ hB'(h)
a(h) = A0 > O0andb(h) = 0 =0 (11)
and the second-order elasticities of utility:
_ cd?u/oc? _ ho?u/(dcoh) _ ho?u/(dcoh)
&1 = 5uac "2 7 " Gujoc ande; = du/dc (12)

The households are identical in terms of endowmantspreferences. Then, the individual



human capitals are identical and equal to the geehaman capitalh = h.

Proposition 4 (dynamic general equilibrium) At equilibrium, whenl < 1 (interior labor supply),

dynamics are driven by a two-dimensional dynamitesy:

b= B -1 (13)

L= 110 -B(h) — (@) = b(h) + [1+ a(W)ey + & + ) B)(1 — 1) -

M 6u/0h]
A(h) du/ac

(14)
and the transversality conditiotim,_,.,e ~¢u(t)h(t) € R,, whereg; = &;(A(h)hl, h, h) with i =
1,2,3. The initial human capitah, = h(0) is given.

Proof. See the Appendixm

Remark that this two-dimensional dynamic systemraanzes equilibrium in terms of two
variables, human capital and labor services. Tisédine is a predetermined variable, corresponding
to a stock variable whose value in each momentdetesrmined by past decisions. In contrast, labour
is a non predetermined variable whose value isashasder the influence of expectations for future
wages. Note that future wages influence the returfiuman capital available in the future, whose
accumulation must be decided in anticipation arfthémce the amount of time available for the

household to provide labour services.

3.3 Constant eladticities
In this case, the elasticities are constar{th) = a > 0, b(h) = b € [0,1), &(c, h,h) = &. In other
words, we assume with some notational abuse:
A(h) = Ah%, B(h) = Bhandu(c, h, h) = c*hPh1~2F (15)
with ¢, >0, a+p8 <1.
As promised above, now, we show that the first-ombadition of the household’s program
are not only necessary but also sufficient to maerher utility. For simplicity, we prove that iha

simple caseb = 0 (no human capital externalities on human capitatmulation).

Proposition 5 (Arrow-M angasarian condition) In the isoelastic case (15) with= 0, if [ <1
and lim;_,,A(t)h(t) = 0, the first-order conditions (6) to (8) are necaysand sufficient for utility

maximization.



Proof. See the Appendixm

Corallary 6 (dynamic general equilibrium) In the isoelastic case (15), If< 1, dynamic system
(13)-(14) boils down to

L= B -0 (16)
i B B 6
;_E[1+aa—b+(b+;—aa)l -1 17)

jointly with the transversality condition

limae ™% h() 1P ree (¢)e ! L eRr, (18)

Proof. See the Appendixm
In the following, we introduce a plausible resioot

Assumption 2
b+ E_aa>0
a

For instance, this assumption is satisfied if thstecity of productive externality of human capitga

sufficiently small @ < g/a?), if the elasticity of externality of capital acoulation is sufficiently

large b > aa — /a) or if the share of consumption in total utiligysufficiently small ¢ < \/ﬁ%).
Let us introduce the critical labor supply such tha

w[1+aa—b+(b+§—aa’)l - =0

1-a 1-a

that is a functionl of the initial human capital:

4
l_: m-}-b—l—ad
- b+§—aa
and the following assumption.
Assumption 3
0 B
1+aa—b<m<1+; (19)

Under Assumption 2, Assumption 3 is equivalendte: [ < 1.

Proposition 7 (steady state) Let Assumptions 1, 2 and 3 hold.
(1) If b =0, the steady state is given by the Balanced Gr&®ath (BGP) with



o 4
l* — BBI aa € (0’1) (20)
E—aa

i 1+£-2
~=B(1-1")=B3*2=y € (0,B) (21)
h c-aa

which satisfies the transversality condition witm,_,,,A(t)h(t) = 0.
(2) If b > 0, at the steady staté,, is constant over time anb= 1.

Proof. See the Appendixm

If b =0, the human capital around the agent has no ingrabér speed of learning & 0)
and the economy experiences the Balanced Growth(B&P). In this case, Assumption 3 implies a
positive labor supply and a positive educati®r<(l* < 1), and a positive (balanced) growth rgtex
1).

As we will see (Proposition 10 below), if > 0, the economy reaches the steady state (which
is not a BGP) after a finite lapse of tinfe In this caseh(t) = h(T) = hy and I(t) = 1 for any

t = T. Therefore, capital accumulation stops from d&ten.

Proposition 8 (balanced growth path) If b = 0, under Assumptions 1, 2 and 3, the impact of the
fundamental parameters on the labor supply andtidlenced growth rate is given by:

art dy
20 > OandE <0 (22)
4 < 0andZ > 0 (23)
aB dB
4 < 0and X > 0 (24)
da da
art dy
E < Oandﬁ >0 (25)
Moreover,
B B B
dar* ~+aa aa dy ~taa B=
—>0e 55— d—=>0%—>—=%— 26
da g—aa > S i-aa N e > g—aa > B(1+E)—9 (26)

Proof. See the Appendixm

The interpretation of the impacts of the fundamisnda the labor supply* and the growth
rate y along the BGP (inequalities (22) to (25)) is gthaforward.

When agents are less patient, they spend lessrtigguicationd!*/d6 > 0) and the growth
rate of human capital lowerg)/d6 < 0). Conversely, a higher learning easiness encosnageple
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to invest more in mental and physical educatidti AdB < 0), and enhances the growth rate at the
end dy/dB > 0). Similarly, a higher productivity of human capiiaduces agents to educate
themselves di*/da < 0) and accumulate more human capital with a positéiffect on growth
(dy/da > 0). The growing importance of human capital in thpieferences compared to
consumption also encourages them to invest in ¢idincand human capitatl(*/df < 0) with a
positive impact on growthif /dS > 0).

The impact of propensity to consumptien in inequalities (26)) is hon-monotonic because
working more directly increases current consumphiat) lowering the human capital accumulation
and, so, labor productivity across time, indirectcreases future consumption.

Let us focus now on equilibrium transition, set

B
= (g — aa) (27)
_ 6-B(1+aa)
q= 1-a (28)

and notice that, under Assumptions 2 angh,3; > 0.
Let us consider the two cases: (1) no externatesffen human capital accumulatién= 0),
(2) external effectsh(> 0).

Proposition 9 (no externalities on capital accumulation) Let b = 0 and Assumptions 1, 2 and 3
hold. LetI* = [ = q/p be the stationary state.

(1) If Ly < I7, the trajectory(h,l) satisfying the dynamic system (16)-17) with thitiah
condition [(0) = [, violates the necessary transversality conditid@).(1

(2) If 1, =17, thenl(t) =" forever and the human capital grows at the cohgfsowth
rate y = B(1 — [*). The economy experiences the Balanced Growth (B&P):

h(t) = hyeB0-1t (29)

The BGP satisfies the transversality conditidim_,,A(t)h(t) = 0.

(3) If I, >1I*, then I(t) increases and reachdsin a finite lapse of time, whilex(t)

increases fromh, to hy during this period, then stops to grow. More eciph}i, we have:

lol*

— 0 :
I0) = g0 S < T (30)
B
R(t) = hoePO-0 [RHE N0 < ¢ < 7 31)
I(t) = 1ift > T (32)
B
X eql=l'\g
h(t) = hy = hy (zf, [2=t)] )q ift>T (33)
-

where
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Lpkl=t) _ _ 1-a 1o(1-1%)

T = =
q lo—1* 6-B(1+aa) lo—1*

>0 (34)

is the critical date from which the household stapaccumulate human capital. The transversality

condition is satisfied witHim,_,,A(t)h(t) = 0.

Proof. See the Appendim

We observe that the usual transversality conditian_,,A(t)h(t) = 0 is satisfied in cases
(2) (BGP) and (3) (bounded growth), while the neaegtransversality conditiotim,_,,A(t)A(t) =
0 is violated in case (1) ruling out the correspagdsolutions to dynamic system (16)-17) as
equilibrium solutions.

As observed beford, is a non-predetermined variable. We are in a nta&enomy where
the households observe the prices, but ignoredtienblogy and the initial distribution of human
capital and preferences across the population., Theg form expectations about the equilibrium and
choosel, according their beliefs. In this respect, Proposi® considers the entire range of initial
equilibrium values ofl, as a potential result of beliefs and market cegprirhus,l, becomes an
equilibrium outcome.

From an economic point of view, Proposition 9 shdlast economies with a high level of
working hours may face eventually a secular stagmaf high number of working hours (as for
instance in Mexico) may be associated with low lewé growth.

Dynamics are different if the surrounding humanitzdjpas a positive effect on the speed of

individual human capital accumulatiol § 0).

Proposition 10 (positive exter nalities on capital accumulation) Under Assumptions 2 and 3,5f>
0, the labor supplyl will reach 1 in a finite lapse of timei(T) = 1. From dateT on, the human
capital no longer growsh(t) = h(T) = hy for any t > T, and the households spend all their time

towork: I(t) =1 foranyt > T.
Proof. See the Appendim

Remark 11 (instability of BGP) According to Proposition 9 and 10, we observe tiiet BGP
requires two demanding conditions in order to exigho external effects on human capital
accumulation k = 0) and the coordination of all agents to choose $hee critical initial labor
supply {, = [*). Both these conditions are non-generic and, tthes BGP is non-generic as well as
equilibrium solution. In addition, even in the paular case b = 0, the BGP is unstable, that is the
economy does not converge to the BGP in the longfriy # [*. Indeed, wherl, > I*, the labor

supply reaches one in a finite lapse of time. i llasic AK model (Rebelo, 1991), with physical
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capital accumulation, the BGP is the unique soluti@cause the other trajectories violate either the
transversality condition or a non-negativity comsiit. Rational agents choose the BGP and the BGP
is a robust solution. A number of papers on hunagital accumulation focus only on the BGP without
considering other possible transitional dynamicsid arecommend educational policies without
addressing the fundamental questions of genermity robustness of the BGP solution. Public
authorities should be concerned by the lack of geigand robustness of the BGP: in this case, any
policy intervention is a potential source of ingtityp We will deepen this question in Section 4.
Growth is driven by human capital accumulation #m&l accumulation mechanism is very
sensitive to human capital externalities. We obeséimat even arbitrarily small externalitigs> 0)
have a snowball effect in Proposition 10 whatever iitial labor supply, entailing a faster
convergence of capital to the ceiling: and of labor supply to one in a finite lapse ohdi
externalities accelerate the increase in humartatafbor productivity (wage) leading workers to
supply more. In other words, case (3) of Propasifias amplified by these externalities and becomes

the only case of Proposition 10.

hy is given, whilel, is a non-predetermined variable.df= 0, according to Proposition 9,
whatever initial conditionl, € [I*,1] determines a feasible trajecto(y, [) with [(t) € [I*,1] and
h(t) >0 and for any t =0 . Any trajectory, satisfies also the transversalitgndition
lim;,,A(t)h(t) = 0. If b > 0, according to Proposition 10, whatever initial dition [, € [0,1]
determines a feasible trajector§h,l) with [(t) € [0,1] and h(t) >0 and for anyt>0.
Moreover, h(t) = hy and I(t) =1 for any t > T, where T is a critical date. Any trajectory,

satisfies also the transversality conditim;_,,A(t)h(t) € R,.

Remark 12 (about global indeterminacy) When agents can choose different initial labor siegp
the initial condition is a distribution of indiviélichoices even if the agents have the same enddwe/me
and preferences. Suppose for simplicity that adl digents make the same choigeProposition 9
gives the trajectories satisfying the dynamic sys{&6)-(17), the initial conditiorh(0) = h, and
the transversality conditiodim;_,,A(t)h(t) = 0. Any trajectory is determined by the initial chmic
[(0) = [, € [I",1]. Sincel, is non-predetermined, there are multiple trajeiercorresponding to
all the possible initial choiceg,. In the case the agents choose the s@yre [*, this value and the
market clearing determine the price path, = w, (t). If these prices are announced by the
auctioneer and agents reply choosing exaéglywe have a self-consistent solution which is also
self-fulfilling prophecy. In other terms, we camsiler [, as a fixed point of the compositidgp —

w, — Iy where [ = lé(WzO) is the consumers’ best reply whéfh=[,. The compactness of
[[*,1] 3 [, and the continuity properties of the model enth# existence of a fixed point. The

existence of multiple fixed points, that is mudtipklf-consistent equilibria, is also possible.
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3.4 Simulations
Let I, > I, =I*. Notice that, unden = 0, A(h) = Ah%, B(h) =B, u(c, h,h) = c*hPh1~%"F
with @ + B € (0,1], and Assumption 3 becomes

ltaa<2<1+48 (35)
B a

which implies Assumption 2.

Consider the following yearly datax = 1/3, « =3/6, § =1/6, ho =1, 6 = 1/20. We
fix B=260/(2+ aa + B/a) in order to satisfy both inequalities (35).

Figures 1 and 2 correspond to case (3) in ProposBi with [, =3/4 > 1* =1/2: the
working time goes to one and growth is bounded.

1 17 b

0.75 + + + + + 1 1 + + + + + 1
0 20 40 60 80 100 120 0 20 40 60 80 100 120

. > v . . *’ t . . e t
Fig. 1 Working time when g > [*. Fig. 2 Human capital when [y > [*.

We can plot also the phase diagram. From (62) @y, (8e get

1 Lol* -1l
t = —lnu

q -l (36)

Replacing (36) in (65) or (31), we obtain the hunsapital as a function of working time
along the equilibrium path:

.o Lo : qlo—plly Bt
=R =ho (3) (5m2)
that is the equation generating the phase diagragure 3 illustrates the different trajectoriegtie
(1, h)-space for different initial conditiong,. The critical point isl* = 1/2 corresponding to the
black vertical line. The blue trajectories on tlight of the black line correspond to point (3) in

Proposition 9 and show the bounded growth of hucagital to the ceilingh; as increases to one.
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1
s

Fig. 3 Phase diagram when lp > [* changes

4 Market economy with fiscal policy

We introduce a taxation on (labor) income at thestant rater. Taxes allows the government to

finance the educational public spendiggenhancing the speed of human capital accumulation.
The household still maximizes the utility functidé(@), but now her law of motion and budget

constraint encompass the fiscal policy:

k= B(g.R)1-D) (37)
<1
c=(1-1)whl

with a positive effect of educational policy on gpeed of human capital accumulati@B /dg > 0.
h still denotes the average human capital arttie individual labor supply.

The government faces a simple budget constrgint. twhl (taxes are only used to finance
physical and intellectual education).

The firms maximizes the profit as above.

4.1 Demandsand supplies
The small (price-taker) firy maximizes as above the profi; = f(x;) — wx; = A(h)x; — wx;
with respect to the input of labor services= h;l;. Profit maximization yields the same first-order
conditions:w = A(h).

To solve the household’s program, we apply thefyagin’'s maximum principle. The agent

maximizes the intertemporal utility functional (Bpder the capital accumulation law (37). The
Hamiltonian function now becomedi(h,l,1) = e %tu ((1 — T)whl, h, E) + AhB(g,R)(1 - D) +

v(l-1D).

Proposition 13 (necessary conditions) The first-order conditions of the household’s pragrare

the following:
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_G-dwou__ ¢

T B(gn) ac  hB(g,R) (38)
2 I 1[ou u
;ZH—B(g,h)(l—l)—; a(l—‘[)wl+a] (39)
3 _
~=B(g,h)1-D (40)

jointly with min{¢,1 — 1} = 0 and the transversality conditidim,_,.,e ~?¢u(t)h(t) € R,, where
u(t) = At)ef and £(t) = v(t)eft are the multipliers.

Proof. See the Appendim
We observe, as above, that the limit conditibm,_,,,A(t)h(t) = 0 does not necessarily
holds.

4.2 Equilibrium
The households are identical in terms of endowmemdspreferences. If the initial labor supplies are
identical, the individual human capitals are atdmitical and equal to the average human capitas:
h.

Reconsider the elasticity of labor service prodiitsti(11) depending orh and the second-
order elasticities of utility (12) depending c( h, i_l). We introduce the new elasticities of human
capital accumulation with respect to the publicrgfieg and the human capital externality:

h 9B
—— >
B(g,h) 0h —

— a -
by(g.h) = B(:Zﬁ)£ > Oandby,(g, h) =

Proposition 14 (dynamic general equilibrium) At equilibrium, whenl < 1 (interior
labor supply), economic dynamics are driven by e-tivnensional dynamic system:

== B(g,h)(1—1) (41)

i1 Iy __B(gh) du/dn
1 &,-bg(g,h) [9 B(g.h) (1-1)A(h) du/dc

—(a(®) = [1 + a(M]by (g, h) — bu(g, ) + [1 + a(h)]ey + &, + £3)B(g, (1 -
D]

(42)
and the necessary transversality condition
. ot 1-D)A(h()) u
tll_{ge h(®) B(rA(R®)R®UB,A(D)) O € R, (43)

where g = TA(h)hl, and &; = &((1 — ©)A(h)hL h, k) with i = 1,2,3.
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Proof. See the Appendim

We observe that, in our two-dimensional system,hihnan capitalh is a predetermined
variable, while the labor supply is not.

We observe also that, if =0 and b,(g,h) =0 (no impact of public spending on human

capital accumulation), we recover system (13)-(14).

4.3 Constant elagticities
In order to provide an explicit characterization exffonomic trajectories, we consider constant
elasticities: a(h) =a >0, by(g,h)=by; =0, by(g,h) =b, =0 and &(c,h,h) =¢;. More

explicitly, we assume with some notational abuse:

A(R) = Ah® (44)
B(g,h) = BgPshPn (45)

and
u(c,h,h) = c*hPr1-o-F (46)

with @, >0, a+pB <1.

Proposition 15 (dynamic general equilibrium) If | < 1, economic dynamics are driven by the

following system

h

i
1= B(g,h)(ro +Tll)—m (48)
with
19 = Wandﬁ = (1+a)bslii'Zi;a“+ﬁ/d (49)
9 g
and the necessary transversality condition
. ot a[(l—T)A]a h_ro 1—a+bg
me S (7)€ R (50)

Proof. See the Appendixa
We observe that, ib;, = 0, we recover system (16)-(17).
In the following, to simplify the dynamic analysige introduce a plausible assumption.
Assumption 4 1,77 > 0, that is, more explicitlyaa — f/a < (1+ a)by + b, <1 + aa.
This assumption, for instance, holds when the eatezffects of human capitat,( b, and

b,,) are positive but not excessive.
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Let us introduce the critical labor supply sucht tha 0, that is, according to (44), (45) and
(48),

R(l) =

1
0 (1+a)bg+bp,
B(tAl)Pg (1—a+bg)(ro+r11)

with h’(1) < 0. Notice that, under Assumption 4, the denominatts the brackets is positive.
Consider the inverse functiof(h) = h~'(h) and define the critical labor supply
I=1(hy) (51)

where h, is the initial condition. Notice thal'(h) < 0 and thati > 0 if and only if h > k(1) or,
equivalently, > I(h).

Consider now the steady state of system (47)-(#8), = b, = 0, we recover the case (1)
of Proposition 7. Ifb, = 0 and b, > 0, we recover the case (2) of Proposition 7. Lebass on the
remaining case$, >0 and b, =0 and b, >0 and b, > 0.

Assumption 5

1
a6 Ja+wbg+by _
ho > [a+B B(TA)bg] =H (52)

Notice that Assumption 5 is equivalent ke (0,1).
Notice also that, ifb, = b, = 0, Assumption 5 is equivalent to the RHS inequadity(19)

in Assumption 3.

Proposition 16 (steady state) Let Assumptions 4 and 5 hold.4f > 0 and b, > 0, there is no BGP

with A/h > 0. At the steady statg; is constant over time antl= 1.

Proof. See the Appendim

Putting together Proposition 7 and Propositionvi® see that a BGP exists only in the case
by = b, = 0, that is the case in which neither the public siggin education nor the human capital
externality in the neighborhood have any effedh@nspeed of capital accumulation. The only possibl
steady state corresponds to a full working tifne (1) with no educational activities.

We consider now the possible equilibrium transgiaccording to the initial choice of labor
supply.

If by = b, = 0, we recover the results in Proposition 9bjf = 0 and b, > 0, we recover

the results in Proposition 10. Let us focus onréimeaining caseb, > 0 and by, = 0.

Proposition 17 (positive exter nalities on capital accumulation) Let Assumptions 4 and 5 hold and
assumeb, > 0 and b, > 0. Any trajectory has a positive starting poikt> 0.

(1) If 0< 1, <I, then either (1.1)(t) < 0 for any t with lim,_.I(t) =0 or (1.2)
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reachesl in a finite lapse of time.

(2) If [ <1, <1, thenl reachesl in a finite lapse of time.

(3) If I, =1,thenl, =1 forever andh remains ath,.

In cases (1.2), (2) and (3), any equilibrium tregeg satisfies the transversality condition
lim;_,,A(t)h(t) = 0.

When the labor supply reachesl in a finite lapse of time, sa¥, we have that, from date
T on, the human capital no longer growst) = h(T) = h for any t = T, and the household
spend all her time to worki(t) =1 foranyt > T.

Proof. See the Appendim

Remark 18 Interestingly, we cannot rule out the possibility an equilibrium solution with a
decreasing labor supply (case (1.1)) as was the taRroposition 9 using the transversality corutiti
(10). We do not know whether (10) applies becawsdanot have the explicit solution as was the
case in Proposition 9. From an economic point @&wibecause of the positive effect of public
spending and, possibly, human capital externalithoman capital accumulatiob > 0 and by, =

0), we cannot exclude that the increase in humaritalagpmpensates the decrease in working time
with a positive effect on consumption over time améhtertemporal utility at the end.

Comparing case (1.1) in Proposition 17 with théofelng cases, we conjecture the existence
of an initial threshold! € (0,1) such that, if0 <, <, then i(t) <0 for any t >0 and
lim,_,,,[(t) = 0 provided that this decreasing trajectory is optimahile, if [ <, <1, then
reachesl in a finite lapse of time. This means that a sigfitly large initial investment in human
capital accumulation1(— [,) followed by increasing investment in capital aoclation ( — I(t))
can compensate the progressive reduction in wortkimg ((t)). However, a positive labor supply is
always requiredlim;_.,[(t) = 0 with [(t) > 0) in order to have a positive disposable incomat, th
is a positive consumptior(t) = (1 — 1)A(h(t))r(t)I(t) > 0).

Equation (37) shows how the private effort in ediocagiven by 1 — [ is amplified by the
public effort g. However, the occurrence of perpetual growth rests low initial level of labor
supply, corresponding to a large effort in educgtiallowing for a rapid initial human capital
accumulation.

In Proposition 17, as was the case in Propositipihk positive externalities of human capital
and, now, of public spending on human capital aedation ¢, > 0 or b, > 0) rule out the BGP.
The mechanisms and the considerations outlinecgmark 11 still hold.

Proposition 9 is the main contribution in the pesitcase, while Proposition 17 in the

normative case (see Section 4.4). The modelizaifofiscal policy is interesting even when it is
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difficult to provide explicit trajectories and alfy rule through a welfare maximization. In the
positive case, we are able to provide the expiicltitions, while in the normative case, we show
instead that the introduction of taxation can dftee critical values for dynamics without changing
the fundamental mechanisms. In addition, evenignglneral case, we find explicit conditions far th
convergence of human capital to a stationary vialfiaite time and this condition depends on taoati

In other words, the main mechanisms seem to bestdb fiscal extension of the paper.

Remark 19 (about global indeterminacy) Focus, for simplicity, on a distribution of initiddbor
suppliesl, identical across populationk, is given, whilel, is a non-predetermined variable:
under Assumptions 4 and 5,4f > 0 and b, = 0, global indeterminacy of equilibrium is possible.
According to Proposition 17, any initial valug € (0,1] generate a self-consistent equilibrium
control [ if the solution (h,1) to the dynamic system (47)-(48) satisfies alsoufficeent
transversality condition and the composite mapplpg> w;, - l;, wherel; is the agents’ best
reply to the announced equilibrium path of prioeg, has some fixed poirly = I;. We can not rule
out the existence of an equilibrium in case (1fllPposition 17 using a necessary tranversality
condition as (10). In cases (1.2), (2) and (3) sanigal condition [, generates an equilibrium
because the sufficient transversality conditiim;_,.,A(t)h(t) = 0 holds (indeed, consumption and
human capital are bounded). The compactness afupport [T, 1] and the continuity properties of
the fundamentals entail the existence of equilibras a fixed poini, = [;. Multiple fixed points of
the mapping are possible depending on the fundaisentn the case of multiple equilibrium

trajectories, the indeterminacy is global.

4.4 Second best

Taxation allows the government to partially intdizeathe positive externalities of human capital at
work in a market economy. Partially, because, inmadel, the government fix the tax rate once and
for all and with a solution, by construction, lefcient than that of a planner.

In cases (1.2), (2) and (3) of Proposition 17, tabupply [ reachesl in a finite lapse of
time and human capital attains a ceilihg. Public spending in education increases the spéed
human capital accumulation and, so, the convergenite ceiling.

Moreover, since public spending has a positiveceftaly on the speed of human capital
accumulation through the functioB(g, h), the positive effect of taxation vanishes fromedat on
(h = hB(g,h)(1 — 1) = 0 independently ory becausel = 1), while the negative effect of taxation
on consumption persists € (1 — t)whl). In other terms, public spending is no longeotjurctive"
in terms of capital accumulation from dafe on and positive taxation is unjustified from ddteon.
However, in our model, the rule of the game staled the government announces at the very

beginning a fix tax rate forever and commit itgelthis rate. Under this policy constraint, it [gimal
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to tax with a positive tax rate to accelerate taedition fromh, to h; even if the public spending
plays no longer a role after dafe Commitment is a way to circumvent time inconsisteof public
policy.

Alternative rules of the game and optimal policb®suld be considered in future research,
namely: (1) the optimal switching, that is the ploitity of fixing two optimal tax rates over timend
computing the optimal switching date from one tather, or, more ambitiously, (2) the optimal
control, that is, the possibility of smoothing té®a over time according to an efficient control=
7*(t) maximizing the government’'s welfare functional jgab to the best reply (Euler equation) of

price-taker agents to any potential announ¢e).

5 Conclusion
We have considered the effects of human capita&realities on productivity, capital accumulation
and preferences in a model with and without puipiending in education.

We have provided the explicit solutions in the caghout public education and without any
direct effect of capital externalities on capitatamulation: the Balanced Growth Path (BGP) exists
only for a critical value of the initial labor sugp below, a necessary transversality condition is
violated and the corresponding solution to the dyinasystem is not an equilibrium; above, the
equilibrium labor supply converges to one (the metiamount) and human capital to a stationary
ceiling. Conversely, positive capital externalities capital accumulation or public spending in
education rule out the BGP.

We have provided the equilibrium characterizatiotihout public spending in education but
positive effects of capital on capital accumulatitire labor supply converges to one in a finiteséap
of time and human capital reaches a ceiling (bodmplewth).

The same happens with public spending if the iniéiaor supply exceeds a critical value.
Below this value, either the labor supply, as soiubf the dynamic system, converges to zero and
growth is unbounded, or it converges to one imisfilapse of time and growth is bounded.

In the case of a constant tax rate and a trangitidime capital ceiling, the optimal policy is a
positive rate to speed up the human capital accatronl

The possibility of global indeterminacy in the prase of human capital externalities may
help to explain why some countries are able to grehile others do not. The interaction between
externalities and the choice of time devoted tokwarsus capital accumulation seems to be crucial.
However, most important is how the time not spemtking is devoted to capital accumulation versus
leisure. This is an issue to be explored from dtipespoint of view in future research.

From a normative point of view, alternative optirpalicies should be considered in future
research such as the optimal switching from a && to another at an optimal date, or the optimal

control of taxation, that is an intertemporal sniiragy of the tax rate to maximize the social welfare
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subject to the best reply (Euler equation) of ptadeer agents to any potential fiscal announce.

6 Appendix
Proof of Proposition 1.
Deriving the first-order conditions9H/dl =0, dH/dh =—-A and dH/0A=h, and
defining u = 1%, we get
0H _  _pgtou - _
E— EWh—AhB(h)—V—O

0H _ ou
OH _ -6t (_

- wl+22) + AB(R)(1 — 1) = -4

d — .
Z=hB(R)A-D=h

jointly with min{v,1 — 1} = 0 and the transversality conditiolim,_.,A(t)h(t) € R,. Noticing
that

we obtain (6) to (8).m

Proof of Proposition 4.

When [ < 1, the Karush-Kuhn-Tucker necessary conditiain{¢, 1 — [} = 0 implies & =
0 and

w ou

k=250 (53)

At equilibrium, w = A(h) and, after the substitution q@f in (7) by (53), system (6)-(8)
becomes

_ A ou

B = 5mac (54)
iL_ o, _ B(h) 9u/oh

u 0-Bh) A(h) du/dc 59)
h

~=B(MW(A-D (56)

where du/dc and du/oh depend now or(c, h,h) = (A(h)hl, h, h). Taking the logarithm of (54),
we get

Ing = InA(h) — InB(h) + In 2= (A(h)AL h, h)

and, deriving with respect to, we obtain
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% =(a(h) —b(h) + &1 +a(h)] +& + e3)§+ elf (57)

where the elasticities; depend on(c, h, h) = (A(h)hL h, k). Replacing (55) and (56) in (57), we
find system (13)-(14)m

Proof of Proposition 5

Consider the Hamiltoniart (h, [, 4,t) = e %“u(whl, h, k) + AhB(h)(1 — 1), where the
average capitah is an externality. In order to prove that thetfoeder conditions jointly with the
transversality condition are not only necessanaltad sufficient for utility maximization, let ubieck
the Arrow-Mangasarian condition when the equilibritrajectory satisfied < 1.

The Arrow-Mangasarian condition is given by ArromdaKurz (1970). DefineH*(h, A, t)
to be the maximum oH (h, [, 4,t) with respect tol, given h, 4, andt. The Arrow-Kurz theorem
says that, ifH*(h,A,t) is concave inh, for given 1 and t, then the necessary (first-order)
conditions are also sufficient.

We verify the Arrow-Mangasarian condition in theea = 0 with a Cobb-Douglas felicity:
u(c,h,h) = c*hPr'~%F . The Hamiltonian becomesi(h,l,1,¢t) = e 'wh!~ ¢ Ppa+F (@ +
ARBRP(1—1) with a + B <1, where C; = (w*h'"*#) >0 and C, = B(h) > 0 are taken as
given by the household.

If [ <1, the first-order conditiordH/dl = 0 with v = 0 implies

1
_ (,-0tpa+f-1,,,apl-a-f & i-a
L= (e0tha+f-twapi-ah =)
and, replacing inH, we obtain
B
H*(h,A,t) = Chi-a + ABh
where

a

1 —_—
— _ -0t apl-a—f\1—a [ X -«
C=1-a)(e "W ) (AB) >0
Finally, we obtain that{* is strictly concave ak:

d%H*
dh?

a+p-1
1-a

B
hi-a? <0

_c b
1-«a

becausex + < 1. m

Proof of Corollary 6.

Replacinge; =a—1, &, =8 and e =1—a —f in (13)-(14) and noticing that, +
& + &3 = 0, we get system (16)-(17). Since

A(h(®)) du
B(h(D)) ac h(®)

lim A(£)h(t) = tlime‘etu(t)h(t) = tlime‘et

we find the transversality condition (18&

Proof of Proposition 7.
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Setting [ = 0, we obtain
b—1—aa+L

Ir=—r 20 (58)

b+=—aa
a

In our model, alwaysi/h > 0. A Balanced Growth Path (BGP) requirkgh to be constant
and positive.

Consider the cases: (h)= 0, (2) b > 0.

(1) If b =0, then B(h) = Bh? = B and the Balanced Growth Path (BGP) is given by (20
and (21).

We requirel* € [0,1], that is

LI
0<E—<1 (59)
E—aa

Under Assumption 28/a — aa > 0 and (59) is equivalent to

=

l+aa<Z<1+ (60)
B

a
(notice that, in particular, we requi@ < 8). We observe that (60) is also equivalenyte [0, B].
Assumption 3 withb = 0 implies (60). More precisely, under AssumptionAzsumption 3 is
equivalent tol* € (0,1) andtoy € (0,B).

The transversality condition (18) introduces arietion in the parameter space. Along the

BGP (with b = 0), we geth = hye?* and the transversality condition becomes

tlln;ﬂ.(t)h(t) = t!ing)ae—m'h(t)1+aal(t)a_1 A?fl

— e[(1+aa)y—9]ta,h(1)+aal*a—1A?;z € ]R+

that is (1 + aa)y — 6 < 0 or, equivalently,(1 + aa)y < 6. Under Assumptions 2 and 3,< B
and, therefore,(1 4+ aa)y < (1 +aa)B < 6. Then, under these assumptions, the transversality
condition is satisfied along the BGP.
(2) If b > 0, since B(h) = Bh?, B(h) grows forever along the BGP aritl in (58) can not
be constant over time, a contradiction. Hencé, i 0, there is no BGP.
If [ =1,thenh =0 and, because of AssumptionBremains equal td forever. Indeed,
if | decreases, according to (17), we havelfer1 —¢ and € > 0 sufficiently small:
=1+l -2 (1 D) - >
Then, h remains constant over timaa
Proof of Proposition 8.

Differentiating (20) and (21), we obtain the impatthe fundamental parameters on the labor
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supply and the balanced growth rate:

0
odar _ _ & fay _ ___ #
1°d6  2_1-ga > Oandydﬁ’ B(1+£)-0 <0
E*d—l* =—3 : < 0and2%L = 3(125) >0
I dB S-1-aa vas  p(1+£5)-0
ﬁ*d_“=ﬁ“0‘(§+l‘§)<03ndzﬂ=l;i>o
I* da (——aa)(E—l—aa> yda E_qq

B
gar _ 4 Bay BE(2-1-aa)
Cap = T e O T () o))
adl* §+aa aa ady _ §+aa Bg

——=%4——g——and-—-=
rda B_qq 84 ga vda  B_gq B(1+£)—9
a B a a

Noticing that, under Assumptions 1, 2 and 3pi¥ 0,
2-1-aa>0B(1+5)-0>02-aa>02-1-2<0
B a a B a

and we obtain inequalities (22) to (268.
Proof of Proposition 9.
If b=0, then B(h) = B, a constant. Then, if <1, according to (17), labor supply
dynamics can be studied independently of the huraaital:
I(t) = pl(®)* — ql(v) (61)
where, under Assumptions 2 andzB,and q are positive constants given by (27) and (28).
The solution of differential equation (61) is given

Lol
lo+(I*—1g)edt

I(t) = (62)

According to Assumption 3[* € (0,1). We observe the following.

() If I, <I*, sinceq > 0, I(t) decreases asymptatically to zetan,_,.l(t) = 0.

(2) If 1, =17, thenl(t) =" forever. This is the BGP.

(3) If 1, > I*, then I(t) increases and reachésin a finite lapse of time according to (30)
and (32).

More precisely, noticing that (16) witB(h) = B is equivalent to

[Inh(7)]’ = B[1 - I(7)] (63)
replacing the solution (62) in (63),
k(@' = B [1 - or] (64)

and integrating both the sides of (64) with respect from 0 to t, we obtain the explicit human

capital accumulation
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B

— B(1-17t [Lot=lo)e?]p

h(t) = hyeB-1t [%] (65)
o < 1*, I(t) decreases asymptotically to zedom(_.[(t) = 0) and h(t) grows

Q) If Ip <%, I(t) d icall lom(,_, o, (t) = 0) and h(t)

forever with an increasing growth rate

A® _
()

Io(1=1")+ (1" ~1y)eqt
Lo+(1*=1p)edt

B[1—-1(t)] =B

converging to its upper boundim,_,[A(t)/h(t)] = B.

According to (6), the transversality condition (¥}h b = 0 becomes

lmADR(E) = limae P h(e)+ee1(t)* ! % ER, (66)

Replacing (62) and (65) in (66), we see that

tlim)l(t)h(f) = gim [ae‘efh(t)1+aal(t)a-1 A?;"]

B

* 1-a+(1+aa)—-

_ 2AM o [ elaramBa-1)-6le [M] (raal,
BI™* tSo I

a+pBB

)‘”’ER+

_ aathito (z*—zo
BI3™® I
thus the transversality condition (9) is satisfi€dis condition is only necessary and, thus, waoain
exclude the trajectories witly < I*. However, focusing on the alternative transvetsalondition
(10), we find
tli_%/l(t)fl(t) = tli_)rg/l(t)(B[l - I(D]A()) = Blim A(t)h(t)
a+BB

_ aA*h§tee (z*—zo)a_p >0

lé—a 1*

Since lim,,, A(t)h(t) # 0, the necessary transversality condition is vialated, therefore,
any trajectory(h, l) satisfying the dynamic system (16)-17) with< [* is not optimal.

(2) If 1, =17, then, according to (65), the human capital grawthe constant growth rate
y = B(1 —[I*) and the economy experiences the Balanced Grovith(B&P) (29).

As we have seen above, the BGP satisfies the &esadity condition (see subsection on the
steady state).

(3) If Iy > I*,then I(t) increases fronl, to 1 in afinite lapse of time (see (34)) andt)
increases according to (65) frohy to h; during this period, then stops to grow. It is floiesto
compute in this case the peak of human cagital= h(T) by replacing (34) in (31) to obtain (33).

We observe that, whel(t) reachesl, it remains equal td forever. Indeed, if, af; > T,
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I(t) starts to decrease continuously froff to T,, we have [(T,) <I(T}) =1. At Tz =
(T, + T,)/2, I(T3) <1 and equation (17) holds. Under Assumption 3, waiob

i(i)zB(h(Ts))(1+£)_i>B(ho)(1+ﬁ)_i> 0
1(T3) 1-a a 1-a = 1-a a 1-a

that is a contradiction. Thug(t) can not decrease aftér.

The usual transversality condition is satisfiedlded, reconsidering (66), we see that

. . — — A%
imA@R() = fim (ae~0thi?*e0 5) = 0

Proof of Proposition 10.

Focus on equation (17) and consider four sub-césp€. <1, <[, (2) [, =1, (3) [ <[, <
1,(4) ly=1.

(1) If 0 <1, <1, then,i(0) < 0.

Assume thatl remains forever undek [ <[ for any t > 0. In this case, sinc&(h) is

non-decreasing,

h

b= B -1 > B(ho)(1- 1)

foranyt >0 and
B h
3= b;> bB(ho)(l— D

forany t = 0. Then,
B(h) > B(hg)ebBho)1-Dt 67)

for any t = 0. Since B(h) grows at a rate greater than a strictly positivestant and

B(ho)
1-«a

7]
(1+a(l—b)—§<0

there exists a critical datg, > 0 such that

B(h(ty)) N8
—— (1+aa—->b) =0

1-a

Let t, such that

B(ho)ebB(ho)(l—Dt 9 _
T(1+aa—b)—§—0

that is

1 0
~ bB(hy)(1-D) nB(hO)(1+aa—b)

ty

Since B(h) > B(hy)e?B"o)1-Dt e havet, > t,. Then, for anyt > t,, we have
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B(h)
=T,

o~

l+aa—b+|(b+=—aa)l|——
[ (b+5-aa)l] -3

1-a

v

bB(ho)(1-1)t
Blho)e”” 0777 (1+aa—b)——
—-a 1-a 1-a

—(1+aa—b)

bB(ho)(1-1)t

1-a 1-«a

Since, for anyt > t,, [ > 0, then
1+aa—b+(b+£—aa)l
a

increases. (67) holds for arty= 0. Then, for anyt > t,,

B(h(t))

21+ aa—b+(b+E—aa)i(0)] -

> B(ho)ebB(ho)(l—Dt

1-a

[1+aa—b+(b+£—aa)l(t2) -2

1-«a

Consider a date; > t, such that, for a given constaat> 0, we have

B(ho)ebB(ho)(l—Dt3

1-a

[1+aa—b+(b+§—aa)l(t2)]—£> I3
and, then,

i_ B(r®)
11—

[1+aa b+(b+——aa)l(t)]——>e (68)
for any t > t,. This is in contradiction with our assumptiér< [ < 1 for any t > 0 if I(t3) > 0.
If I(t3) =0 eitherthereist, > t; suchl(t,) > 0 and (68) applies leading to a contradiction with
I<l forever, or I(t)=0 for any t>t; leading to c=whi=0 and u(chh)=
c*hPhl=2=B =0 forany t > t; in contradiction with the utility maximization.

Therefore,l = [ at a given dates > 0 and, sinceh(ts) > 0 and, with some notational
abuse,B(ts) = B'(h(ts))h(ts) > 0 and, according to (17)(t) > 0 for ¢ > t5, that isi(t) > [
for any t > ts. Hence, there exists a constant> 0 and t¢ > t5 such that, according to (17),

f B(h(t))[1+ ac —b + (b+——aa)l(t)] ——>77

for any t > t. Sincel(ts) >1>0 and i(t)/I(t) >n >0 for anyt >ts, [ will reach 1 in a
finite lapse of time. Lef be the critical date such th&fT) = 1. At this date,h stops to grow:
h(t) = h(T) = hy forany t = T, and, from this date on, the labor supply is makini(t) = 1 for
anyt>T.

(2) If 1, =1,theni(0) =0 and A > 0. Thus, B(h) increases and, according to (17);
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0 for t > 0. Then, i/l increases! willreach I = 1 in a finite lapse of time. LeT be this critical
date andh; = h(T). We obtainl(t) =1 and h(t) = hy for any t > T. We observe that the

transversality condition is satisfied. Indeed,

lim A(6)h(e) = limae~*h(£)!~P+aai(£)e! 2= lim re =0t} b+ac =0 (69)

(3) If I<ly <1, thenh,i>0 and, according to (17), sinde and [ increase, theri/I
increases as well. Then, as aboleyill reach [ = 1 in a finite lapse of time. LeT be this critical
date andh; = h(T). We obtaini(t) =1 and h(t) = h for any t > T. (69) still holds and the
transversality condition is satisfied.

(4) If 1, = 1, then, according to (17), the RHS of (19) implig8) > 0. Therefore,l(t) =
1 foranyt =0 and h(t) = hy foranyt>0. =

Proof of Proposition 13.

Deriving the first-order condition§H/dl = 0, dH/dh = —1 and dH/dA = h, and using
u = e and & = veft, we get

0H _ _pgtdu - _
S=e ta(l—r)wh—lhB(g,h)—v—O

2= g (Z_’C‘a —Dwl+ Z—Z) +2B(g,h)(1 -1 = -4

OH T ;
2 =hBlgh)A-D=h

jointly with the transversality conditiohim,_,.,A(t)h(t) € R, (see Bosi et al. (2020)). Noticing that
AJA = /i — 6, we obtain (38)-(40)m

Proof of Proposition 14.

When [ < 1, the Karush-Kuhn-Tucker necessary conditiain{¢, 1 — [} = 0 implies & =
0 and

_ (1—1:)w6_u
= B(g,h) ac (70)

At equilibrium, w = A(h), g = TA(h)hl and B(g, h) = B(tA(h)hL k).
After the substitution ofu in (39) by (70), system (38)-(40) becomes

_ _(-DAm) ou

~ B(rA(R)hLh) dc (71)

i _ _ B(tA(h)hl,h) Ou/oh
u = 6 — B(tA(h)hl, h) “UoDAR) dujoc

(72)
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k= BA(WAL )1~ D) (73)

where du/dc and du/dh depend now or(c, h,h) = ((1 — ©)A(R)hL, h, h). Taking the logarithm
of (71), we get

Ing = In(1 — 7) + InA(h) — InB(zA(h)KI, k) + 1n3—j (1 = DA(R)hL b, 1)

and, deriving with respect to, we obtain

' h
% = (a(h) — [1 + a(h)]by(g, h) — by (g, h) + [1 + a(h)]e; + &, + 63)E

+[es — by (g, h)]% (74)

Replacing (72) and (73) in (74), we obtain the tlimensional dynamic system (41)-(42).

Finally, substituting A(t) = e=%u(t) and (71) inlim,,A(t)h(t) € R,, we get the
transversality condition (43)m

Proof of Proposition 15

Consider the felicity function (46). In this caiee second-order elasticities of utility become
g=a—-1, &= ande; =1—a — . We observe that; + ¢, + &5 = 0. According to equation
(42), we obtain (48).

According to (43), (44), (45) and (46), we find

—or =DAM) 2u
B(g,h) dc

mARE) = Jime™*uh) = lime
that is transversality condition (50

Proof of Proposition 16.

If b, >0 and b,=0 , if ["€(01) is a steady state, thenB(g,h)=
B(tA)Psh(1*+®bg*bri*bg > 0 and h/h = B(g,h)(1—1*) >0 . Then, B(g,h) increases and,
according to (48)] # 0, against the assumption thét is a steady state.

If I* =0, then h/h = B(tA)?Psh(1+DPg+bn|*bg = 0 and h is constant over time. In this
case,c* = (1 —1)AR'%* = 0 and the steady state is not optimal, a contrauticti

If I*=1,thenh/h =0 and h = h* is constant over timel* = 1 remains a steady state
only if

2]

(ro + 1) B(TA)Pa A1 +@bg*Pnbg — 1-a+by

i
=->
l_O

thatis if h* > H, where H is given by (52).m
Proof of Proposition 17.

We know thati > 0 if and only if I > I(h) and thatl = I(h,).

30



First we observe that a trajectory starting frggn= 0 can not be an equilibrium. Indeed,
according to (48),l(t) =0 for any t and c(t) =0 for any t. Positive wages imply that
I, e=®u(c,h,h) = 0 is not a maximum, that is a contradiction.

Focus now on equation (48) and consider three césp® <1, <[, (2) [ <1, <1, (3)
l, = 1, wherel is given by (51). Notice that Assumption 5 is eigént to [ € (0,1).

(1) If 0 <1, <, theni(0) <0 andh(0) > 0.

There are two sub-cases: either (@) < 0 for any t > 0 or (1.2) there is a minimal
T > 0 such thati(T) = 0.

In case (1.1), sincé decreases forever and is non-negative, the mibn-negative, sayn.

If lime,l(t) =m >0, then h/h>e = B(rA)Pahl P mbs(1-1)> 0 and h
increases forever. Then,

B(g, h) — B(,[A)bgh(1+a)bg+bhlbg > B(TA)bg(hoegt)(1+a)bg+bhmbg
and

% > (1 + 1,m)B(tA)9 (hyett) 1+ @b *brmby — —
g

From a criticalt = T, i > 0, a contradiction. Thudjim,_.l(t) = 0.

In case (1.2)(T) > 0 and thenB(g, h) increases af’. According to (48),l increases
over time and the growth ratiy! as well. Thenl reachesl in a finite lapse of time.

(2) Let I <1, < 1 and consider the following two sub-cases.

(2.1) If I, =1, theni(0) = 0, but h increases an® (g, h) = B(tA)Psh(1+®Pg+bnibg ag
well. So, according to (48), > 0 for a sufficiently smallt > 0. Then, i/l increases forever ant
reachesl in a finite lapse of time.

(2.2) If I< 1, <1, theni(0) > 0, B(g,h) increases and/!l increases forever according
to (48) with B(g, h) = B(tA)?sh(1+PPg+br1bs Thus, in a finite lapse of timd, reachesl.

(3) If I <1 =1,, according to (48)/(0)/1(0) > 0, and, hence](t) =1 and h(t) = h,
forany t > 0.

Since capital and consumption are bounded in cés8¥ (2) and (3), the transversality
condition is satisfied witHim,_,,A(t)h(t) = 0.

When [(t) reachesone, say at=T,then [(t) =1 forany t > T. Assume to the contrary
thatatT, = T, I(t) starts to decrease continuously fr@n to T,, we havel(T,) < I[(T;) = 1. At
T; =T, +&<T, with ¢ >0, I(T;) <1 and equation (48) holds:

2]

i(Ts) _ A
1-a+by

= B(tA)Ps h(T5) A ®bg+br](Ty)Pa[ry + 1 1(T5)] —
3

For ¢ sufficiently small, we havé(T;) =~ 1 and, according to definitions (49),

i) 1 [atB b (1+a)by+by, _
urs) 1—a+bg[ o B@A)h(Ts) o 6]
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1 a+p b 1. (1+a)bg+bp
[TB(TA) gho g —0]

T 1-a+tby

>0
under Assumption 5, that is a contradiction. Thi{g) can not decrease afté. m
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