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Abstract
We present parametric probabilistic models for numerical distributional variables.
The proposed models are based on the representation of each distribution by a loca-
tion measure and inter-quantile ranges, for given quantiles, thereby characterizing the
underlying empirical distributions in a flexible way. Multivariate Normal distributions
are assumed for the whole set of indicators, considering alternative structures of the
variance–covariance matrix. For all cases, maximum likelihood estimators of the cor-
responding parameters are derived. This modelling allows for hypothesis testing and
multivariate parametric analysis. The proposed framework is applied to Analysis of
Variance and parametric Discriminant Analysis of distributional data. A simulation
study examines the performance of the proposed models in classification problems
under different data conditions. Applications to Internet traffic data and Portuguese
official data illustrate the relevance of the proposed approach.

Keywords Analysis of variance · Discriminant analysis · Histogram data · Symbolic
data

Mathematics Subject Classification 62R07 · 62H30

1 Introduction

In classical multivariate statistics, data mining, and machine learning, data is repre-
sented in an array where each row represents an unit, for which one single value is
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recorded for each numerical or categorical variable (in columns). This representation
model is however limited when the data to be analysed comprises variability. That is
the case when the units under analysis are not single elements, but general concepts,
such as car models, rather than specific vehicles, or groups formed on the basis of some
given common properties. This is very pertinent in data mining applications where
huge sets of data are collected, but data should be analysed at a higher level—e.g. take
the case of large department stores, which record data on each purchase made (amount
spent, items purchased, etc.), but where the focus does not lay on individual purchases
but rather on consumer behaviour, and therefore information about the purchases of
each client, or specific groups of clients, must be somehow aggregated. Then, for
each descriptive variable, the observed variability inherent to each concept or group
should be taken into account, not just relying, as it is traditionally done, on central
tendency measures (means, medians, modes), to avoid an important loss of pertinent
information. In the era of Big Data, there is increasing demand for methodologies
capable of reducing the original dataset to a manageable level, while keeping all rel-
evant information. Symbolic Data Analysis (see e.g. Bock and Diday 2000; Billard
and Diday 2003, 2006; Brito 2014) provides a framework for the representation and
analysis of such data. This approach allows for data aggregation at different degrees of
granularity, without ignoring the corresponding variability. New variable types have
been introduced whose realizations are not single real values or categories, but rather
finite sets, intervals, or, more generally, distributions over a given domain. Methods
for the (multivariate) analysis of such symbolic data have been developed which allow
taking into account the variability expressed in the data representation.

In this work, we focus on numerical data described by empirical distributions.
These may take the form of histograms or quantile vectors. Histogram-valued data
analysis has been addressed by several authors, following non-parametric approaches.
In particular, relevant contributions include Dias and Brito (2015), Irpino and Verde
(2015), Zhao et al. (2022) (regression); Dias et al. (2021) (discriminant analysis);
Irpino and Verde (2006), Verde and Irpino (2007), Kim and Billard (2011), Brito and
Chavent (2012), Irpino et al. (2014), Irpino et al. (2017), Billard and Kim (2017),
De Carvalho et al. (2021) (clustering); Verde et al. (2015), Billard and Kim (2017)
(dimension reduction);Arroyo andMaté (2009),Arroyo et al. (2011),Gonzalez-Rivera
and Arroyo (2012) (time series and forecasting). Analysis of distributional data in the
form of quantile vectors has been developed in Ichino (2011), Ichino et al. (2021),
Umbleja et al. (2021), Ichino (2022). Representation and methods for the analysis
of distributional data may be found in Brito and Dias (2022). Following a different
approach, Jin and Billard (2022) model histogram-valued data using copulas, allowing
for maximum likelihood estimation and inference.

Our aim is to propose a model allowing for the representation of empirical distribu-
tions in a flexible way, and opening the path to parametric inference methodologies.
For this purpose, we need probabilistic models for numerical distributional variables.
We propose parametric models based on the representation of each distribution by
a central statistic C, and the logarithm transformation of inter-quantile ranges, for a
chosen set of quantilesψ1, . . . , ψq . Multivariate Normal distributions are assumed for
the whole set of indicators, considering alternative structures of the variance–covari-
ance matrix. This assumption is rooted in classical multivariate data analysis, where
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often a multivariate Normal distribution is assumed for the descriptive variables, lead-
ing to good results, even when multinormality does not strictly hold. Our proposal
is inspired in the model for interval-valued data presented in Brito and Duarte Silva
(2012), where parametric inference methodologies based on probabilistic models for
interval variables are developed. By using a representation of empirical distributions
with finer granularity, based on a central locationmeasure and inter-quantile ranges for
each descriptive distributional variable, we use more information, and may take into
account the empirical distribution of themicrodata in further detail. However, this may
potentially lead to high dimensional models, with a large number of parameters to be
estimated. By considering restricted sparser covariance configurations, where some of
these parameters are set to zero, the number of estimated parameters is reduced. This
allows for a more efficient estimation, and avoids overfitting, which is particularly
important in the case of datasets with a small/medium number of observations.

The proposed model then allows for multivariate parametric analysis of distribu-
tional data. This clearly extends the scope of the analysis of histogram-valued data,
for which, to the best of our knowledge, only non-parametric methodologies have
been developed so far. In this paper, we address Analysis of Variance and Discrimi-
nant Analysis. We note that both these methods address related problems, where the
population and the given sample are divided into well defined (a priori) groups. Anal-
ysis of Variance tests whether the groups have identical means, whereas Discriminant
Analysis, assuming the groups are indeed different, develops classification rules for
future observations of unknown origin. The model and the methods proposed in this
paper are being implemented in a public-domain R package.

Researchers in the area of Functional Data Analysis (FDA) have also addressed the
analysis of data as distributions. In Delicado (2011), the author addresses dimensional-
ity reduction when data consist of density functions of one given descriptive variable,
with application to the analysis of population pyramids. The authors in Petersen and
Müller (2016) propose a transformation to map probability densities into a linear func-
tion space, by using a suitably chosen continuous and invertible map. The goal is to
use methods for Hilbert space valued data, not directly applicable to densities. In the
transformed space, FDA methodology, such as functional regression or classification,
may be then implemented. In Grygar et al. (2024), the authors propose a methodol-
ogy for geochemical mapping data, with post-stratification of a large dataset, where
trivariate PDFs are analysed. This is based on Functional Data Analysis of probabil-
ity densities in the framework of Bayes spaces. Panaretos and Zemel (2019) discuss
considering the space of probability measures equipped with a Wasserstein distance
for FDA. Following a Symbolic Data Analysis (SDA) point of view, our approach,
is however essentially different. Our aim is to develop multivariate analysis methods,
based on necessary and sufficient indicators that characterize the underlying empirical
distributions in a flexible way. It is not our goal to full adjust the given (micro)data
and study their behaviour as functions. Furthermore, most FDA applications concern
only one, or quite few functional variables, which are observed at a (large) number
of discrete points. The SDA approach typically addresses multivariate problems with
a larger number of symbolic variables, which may be observed at a large or small
number of points and which are somehow aggregated to obtain a description of the
higher order units under analysis.
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1122 P. Brito, A. P. D. Silva

The remainder of the paper is organized as follows. Section 2 introduces the repre-
sentation for distribution-valued variables. Then, in Sect. 3, we present the proposed
model. Analysis of Variance is developed in Sect. 4, and Discriminant Analysis in
Sect. 5. Section 6 presents a simulation study addressing Linear and Quadratic Dis-
criminantAnalysis. Section7describes twoapplications, respectively to Internet traffic
data and to Portuguese official data. Section 8 concludes the paper and opens avenues
for further developments.

2 Distributional variables

Let S � {s1, . . . , sn} be the set of n units under analysis.We consider that for each unit,
the descriptive variables are (in general) not constant, but present some variability, and
we assume that a set of quantiles, a probability distribution, or a sample, from which
quantiles may be derived, are given.

We represent the “values” of a numerical distributional variable by an ordered vector
of quantiles. Formally, a numerical distributional variable is defined by an application

Y : S → T

si → Y (si ) � (ψ1i , . . . , ψqi )

where q is a positive integer, ψ1i ≤ . . . ≤ ψqi are order statistics of the relevant
sample or distribution, and T is the set of ordered q-dimensional vectors of O ⊆ IR.
Here ψ1i and ψqi are typically either the minimum and maximum, respectively, or
small and large quantiles suitably chosen in order to disregard severe outliers.

LetQ be ann×pmatrix containing the values of pnumerical distributional variables
on S. Each si ∈ S is hence represented by a p-dimensional vector of ordered vectors,
Qi � (Qi1, . . . , Qip)t , i � 1, . . . , n, with Qi j � Y j (si ) � (ψ1i j , . . . , ψq j i j )

t , j �
1, . . . , p (see Table 1).

This representation is related to histogram-valued variables Y as defined
in Brito and Dias (2022). The value of such a variable is written as
Y (si ) � {

Ii1, pi1; Ii2, pi2; . . . ; Iimi , pimi

}
where Ii� represents the subinterval � for

the unit si , pi� is the weight associated with the subinterval Ii�, and
∑mi

��1 pi� � 1

Table 1 Matrix Q of numerical distributional data

Y1 . . . Y j . . . Yp

s1 (ψ111, . . . , ψq111) . . . (ψ11 j , . . . , ψq j 1 j ) . . . (ψ11p, . . . , ψqp1p)

. . . . . . . . . . . .

si (ψ1i1, . . . , ψq1i1) . . . (ψ1i j , . . . , ψq j i j ) . . . (ψ1i p, . . . , ψqpip)

. . . . . . . . . . . .

sn (ψ1n1, . . . , ψq1n1) . . . (ψ1nj , . . . , ψq j n j ) . . . (ψ1np, . . . , ψqpnp)
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with mi the number of subintervals for the i th unit. Our representation corresponds to
histogram-valued variables where the weights pi� are fixed for all i � 1, . . . , n, and
the subintervals Ii� are random.

3 Models for distributional data

Let Y1, . . . ,Yp be the p numerical distributional variables, defined on a set of units
S � {s1, . . . , sn}. Here we assume that all variables are represented by the same set of
q quantiles, and that ψ1i j < · · · < ψqi j (strict inequalities), 1 ≤ i ≤ n, 1 ≤ j ≤ p.

The model consists in representing Y j (si ) by

• a central statistic Ci j (henceforth referred to as “centre”), typically the Median

Medi j or the MidPoint Mi j � ψ1i j + ψqi j

2
• the [ψ1, ψ2[ range: R1i j � ψ2i j − ψ1i j
• . . .

• the [ψq−1, ψq ] range: Rmi j � ψqi j − ψq−1,i j

Typical cases consist in using the median, or else the midpoint, as central statistics,
and quartiles, or other equally-spaced quantiles:

• Min–Med–Max

• q � 3 quantiles; m � 2 intervals
• Central statistic: Median Ci j � Medi j
• ψ1 � Mini j , ψ2 � Medi j , ψ3 � Maxi j

• Quartiles: Min-Q1-Med-Q3-Max

• q � 5 quantiles; m � 4 intervals
• Central statistic: Median Ci j � Medi j
• ψ1 � Mini j , ψ2 � Q1i j , ψ3 � Medi j , ψ4 � Q3i j , ψ5 � Maxi j

• Five intervals, with equally-spaced quantiles

• q � 6 quantiles; m � 5 intervals
• Central statistic: MidPoint Ci j � Mi j

• ψ1 � Mini j , ψ2 � F−1
i j (0.2), ψ3 � F−1

i j (0.4), ψ4 � F−1
i j (0.6), ψ5 � F−1

i j (0.8),

ψ6 � Maxi j

The proposed model consists in assuming that the joint distribution of the central
statisticC and the logarithms of the ranges R∗

� � ln(R�), � � 1, . . . ,m, is multivariate
Normal:

(C, R∗
1 , . . . , R

∗
m) ∼ N(m+1)p(μ,�)

μ �
[
μt
C , μt

R∗
1
, . . . , μt

R∗
m

]t
;� �

⎛

⎜⎜⎜
⎝

�CC �CR∗
1

. . . �CR∗
m

�R∗
1C

�R∗
1 R

∗
1

. . . �R∗
1 R

∗
m

. . . . . . . . . . . .

�R∗
mC �R∗

m R∗
1

. . . �R∗
m R∗

m

⎞

⎟⎟⎟
⎠
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Multivariate normality is a common assumption in classical multivariate data analysis,
allowing for straightforward representation of the dependence structure, which is not
as easily done with alternative distributions. We note that the multivariate Normal
distribution is a theoretically model that, like all models, rarely, if ever, holds in
practice. In fact, it is well known that “... in real life there is no such thing as a
true model” (McLachlan 1992, p. 152). Nevertheless, there is a considerable body
of literature that demonstrates that this theoretical model can be very useful under
mild deviations from its assumptions, and identifies more serious deviations under
which normality based techniques are no longer recommendable. Furthermore, the
distributional results used in the ANOVA/MANOVA proposals made in Sect. 4 do not
rely on this assumption. In the discussion of the classification rules proposed in Sect. 5
we will review the relevant literature on the effects of normality deviations, and in the
examples of Sect. 7, these deviations will be assessed and confronted with the lessons
from the literature. Extensions of this approach based on more flexible models, such
as the Skew-Normal distribution, are currently under development.

In the most general formulation (configuration 1) we allow for non-zero correla-
tions among all centres and log-ranges; for distributional variables there are however
other cases of interest: the distributional-valued variables Y j are non-correlated, but
for each variable, the centre and all its log-ranges may be correlated among themselves
(configuration 2); centres (respectively, log-ranges) of different variables may be cor-
related, but no correlation between centres and log-ranges is allowed (configuration 3);
centres (respectively, each log-range) of different variables may be correlated, but no
correlation between centres and log-ranges or between non-corresponding log-ranges
is allowed (configuration 4); and, finally, all centres and log-ranges are non-correlated
(configuration 5)—see Table 2.

Configurations 2 and 3 are particular cases of configuration 1, configuration 4 is a
particular case of 3, and configuration 5 is a particular case of all the others. These are
illustrated in Figs. 1 and 2.

We note that in configurations 2, 3, 4 and 5, � can be written as a block diagonal
matrix, after possible rearrangement of rows and columns: in configuration 2 there are
p blocks, all (m + 1)× (m + 1); in configuration 3 there are two blocks, one is p × p,

Table 2 Covariance matrix configurations

Config Characterization �

1 Non-restricted Non-restricted

2 Y j ’s non correlated �CC , �CR∗
�
, �R∗

�
C and �R∗

�1R
∗
�2

all

diagonal

3 C’s non-correlated with R∗
�
’s �CR∗

�
� �R∗

�
C � 0, � � 1, . . . ,m

4 C’s non-correlated with R∗
�
, � � 1, . . . ,m

R∗
�1, R

∗
�2 non-correlated for �1 	� �2

�CR∗
�

� �R∗
�
C � 0

�R∗
�1R

∗
�2

� 0, �1 	� �2

5 All C’s and R∗
�
, � � 1, . . . ,m are

non-correlated
� diagonal
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Fig. 1 Structure of the covariance matrix

Fig. 2 Alternative configurations for the covariance matrix for m � 2

and the other is mp ×mp; in configuration 4 there are m + 1 blocks, all p × p, and in
configuration 5 the (m + 1)p blocks are single real elements.

The Gaussian model described in Duarte Silva et al. (2021) for interval-valued
variables, originally proposed in Brito and Duarte Silva (2012), is a particular case
of the modelling presented here, where the only quantiles considered are the mini-
mum and the maximum, and configurations 3 and 4 collapse into a single covariance
configuration.

3.1 Maximum likelihood estimation

Let Xi � [
Ct
i , R

∗
1i
t , . . . , R∗

mi
t ]t be the (m+1)p dimensional columnvector comprising

all central statistics and log-ranges for unit si . Let X̄ be sample mean of the Xi ’s,
i � 1, . . . , n.
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For all configurations, the log-likelihood is written as

ln L(μ,�) � −np ln(2π ) − n

2
ln|�| − 1

2
tr E�−1 − n

2

(
X̄ − μ

)t
�−1(X̄ − μ

)

(1)

where E � ∑n
i�1(Xi − X̄ )(Xi − X̄ )t .

Themaximum likelihood estimators ofμ and� under configuration 1 are obviously
the classical ones, μ̂ � X̄ and �̂ � 1

n

∑n
i�1(Xi − X̄ )(Xi − X̄ )t � 1

n E .

For all configurations, since �−1 is symmetric positive definite it follows that the
maximum-likelihood estimate of the mean vector μ is always X̄ .

Maximization of the likelihood function with respect to � then reduces to maxi-
mizing

ln L(μ,�) � constant − n

2
ln|�| − 1

2
tr E�−1 (2)

In configurations 2, 3, 4 and 5, � is subject to constraints. In these cases � can be
written as a block diagonalmatrix, after a possible rearrangement of rows and columns.
The maximum can then be obtained by separately maximizing with respect to each
block �h of � (Brito and Duarte Silva 2012). It is well known (see for instance Seber
1984) that (2) is maximized when �h � �̂h � Eh/n, where Eh is the corresponding
block of matrix E. The maximum likelihood estimator of � is then obtained with
the block-wise estimators, and simply replacing by zeros the null parameters in the
corresponding configuration.

In our approach, the covariance configuration is chosen byminimising the Bayesian
Information Criterion (BIC) (Schwarz 1978).

4 Analysis of Variance

In this section we address ANOVA and MANOVA using the model introduced above.
We note that since each distributional variable Y j is modelled by the vector of

m + 1 indicators (C j , R∗
1 , . . . , R

∗
m), it follows that an Analysis of Variance of Y j is

now accomplished by a (m + 1)-dimensional MANOVA.
Let us assume a one-way design, where the factor has K levels, representing K

groups, and let nk be the number of observations in group k, k � 1, . . . , K . Let

Xi j �
[
Ci j , R∗

1i j , . . . , R
∗
mi j

]t
be the (m + 1) dimensional column vector comprising

the central statistic and the log-ranges of variable Y j for unit si . Moreover, let X̄• jk
and μ• jk be sample and population means of the Xi j ’s in group k, and X̄• j• the
corresponding global sample mean. The null hypothesis in this case consists in stating
that all μ• jk are equal across groups.

We follow a likelihood ratio approach as different likelihood ratio statistics λ may
be derived for each different configuration in Table 2.
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The likelihood ratio statistic is λ �
( |Ealt |

|Enull |
) n

2

, where Enull and Ealt are (m +

1)× (m +1) matrices corresponding to the null and alternative hypothesis respectively.
Under the unrestricted configuration 1, Enull and Ealt are obviously equal to the clas-
sical ones, i.e., the sums of squares and cross-products MANOVA matrices. For con-

figurations 2, 3, 4, and 5, Enull is obtained from E j �
n∑

i�1

(Xi j − X̄• j•)(Xi j − X̄• j•)t

by replacing the null entries corresponding to each configuration; likewise, Ealt is
obtained from

∑K
k�1

∑nk
i�1(Xi j − X̄• jk)(Xi j − X̄• jk)t in the same manner.

Under the null hypothesis, −2 ln λ, follows asymptotically a Chi-square distribu-
tion. For small samples a permutation test may be used to approximate the distribution
of this test statistic.

A simultaneous analysis of all theY ’s distributional-valued variablesmaybe accom-
plished by a p × (m + 1)-dimensional MANOVA, following the same procedure.

In both cases, the covariance configuration is chosen by minimising the Bayesian
Information Criterion (BIC) for the complete model.

5 Discriminant Analysis

Suppose now that the n units under analysis belong to K different populations, which
are to be discriminated.

The model proposed above allows for parametric Discriminant Analysis of distri-
butional data. For each configuration, an estimate of the optimum classification rule
can be obtained with the corresponding�, by directly generalising the classical linear
and quadratic discriminant classification rules. Let G be the indicator of the predicted
group, then we have:

Linear classification rule:

G � argmaxk

(
μ̂k

t
�̂−1X − 1

2
μ̂k

t
�̂−1μ̂k + log π̂k

)

Quadratic classification rule:

G � argmaxk

(
−1

2
Xt �̂k

−1
X + μ̂k

t �̂k
−1

X + log π̂k − 1

2
(log det�̂k + μ̂k

t �̂k
−1

μ̂k )

)

It is well known that quadratic classification rules often perform poorly in situations
where the true covariances are indeed different because of the large number of param-
eters that need to be estimated (see e.g. McLachlan 1992). The restricted covariance
configurations for the model proposed here allow for sparse classification rules, which
are then less prone to this problem. Furthermore, in this way, sparsity is achieved in a
natural manner, consistent with the nature of distributional data.

Since in real life applications the Normal distribution almost never holds true, there
has always been considerable interest in finding how normality based classification
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rules behave under different types of deviations from the model assumptions. Many
studies (e.g. Ahmed and Lachenbruch 1977; Chinganda and Subrahmaniam 1979;
Balakrishnan and Kocherlakota 1985; Duarte Silva et al. 2002; Rausch and Kelley
2009) have found the linear rule to be fairly robust to deviations from normality,
although it can be adversely affected by severe skewness in the underlying distribu-
tions. However, Ashikaga and Chang (1981) found that “a more important issue than
non-normality is whether the distributions of the two populations are similar in shape”
(p. 680), and Nakanishi and Sato (1985) showed that, for fixed levels of skewness, “...
[it] perform[s] best when the kurtosis are large” (p. 1190). The performance of the
quadratic rule under non-normality was investigated, among others, by Clarke et al.
(1979), Bayne and Tan (1981), Duarte Silva et al. (2002). These studies have found it
to be mostly affected by severe skewness and small sample sizes. However, for large
samples with symmetric, or mildly asymmetric, distributions it performed reasonably
well.

6 Simulation study

6.1 Simulation design

To understand the performance of the discriminant methods based on the proposed
model, we performed a controlled simulation experiment. The implemented procedure
tries all five configurations in each case, and chooses the best one by minimising the
BIC criterion.

We considered problems with three distributional variables. First we generated
microdata, following a similar protocol to the one described in Dias et al. (2021), and
detailed here below. Then we considered a full factorial design for problems with two
and three groups, small and large samples, where groups may be balanced or imbal-
anced, and with different degrees of group separation, defined by similar/dissimilar
means and/or standard deviations. Four alternatives are considered for the underly-
ing distribution of the microdata, from being Uniform, Gaussian, to Log-Normal (a
skewed distribution), or a mixture of those three.

For each data condition, 100 independent training samples were generated. The
error rates of the classification rules were estimated by the average, across the 100
replicas, of the corresponding error proportions in an independently generated corre-
sponding test sample.

The microdata has been generated according to the following specifications:

1. For each variable, the values of the mean and the standard deviation were fixed as:
μX1 � 20, σX1 � 8;μX2 � 10, σX2 � 6;μX3 � 5, σX3 � 4.

2. For each variable j and for each group k, two vectors of length n are generated,
one with values of the means, MX jk � [m jk(i)] and another with values of the
standard deviation SX jk � [s jk(i)]. The n values of each vector MX jk and SX jk ,
are randomly generated, as follows:

• m jk(i) ∼ U (c1(1 + a), c2(1 + a)), with c1 � 0.5× μX j , c2 � 1.5× μX j , a � 0
in Group 1 and a > 0 in the other groups.
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• s jk(i) ∼ U (h1(1 + b), h2(1 + b)), with h1 � 0.5× σX j , h2 � 1.5× σX j , b � 0
in Group 1 and b > 0 in the other groups.

3. From each couple of valuesm jk(i) and s jk(i), i ∈ 1, . . . , n we randomly generate
10,000 real values, x jki (w), w ∈ 1, . . . , 10,000 that allow obtaining the empirical
distributions corresponding to unit i and variable Y j in group k and distributionD.
According to the distribution D, the real values are generated as follows:

• D � Uniform distribution: x jki (w) ∼ U (l jk(i), u jk(i)) with
l jk(i)�m jk(i) − √

3s jk(i) and u jk(i) � m jk(i) +
√
3s jk(i)

• D � Normal distribution: x jki (w) ∼ N (m jk(i), s jk(i))
• D � Log-Normal distribution: x jki (w) ∼ LogLN (m̃ jk(i), s̃ jk(i)) with

m̃ jk(i) � 1

2
ln

(
m jk(i)4

s jk(i)2 + m jk(i)2

)
and s̃ jk(i)) � ln

(
s jk (i))2

m jk (i)2

)

4. From the 10,000 real values x jki (w) generated for each unit i, the following order
statistics were computed: Min, Q1 � 1st quartile, Q2 � Median, Q3 � 3rd
quartile,Max. Each corresponding distribution is then represented by the Median,
and the four LogRanges ln(Q1−Min), ln(Q2−Q1), ln(Q3−Q2), ln(Max−Q3).

We then considered a full factorial design for problems with the following factors:

• Number of groups: two or three.

• Total sample size:

• Training sample
∗ Two groups: n � 60 (small sample), n � 300 (large sample) elements.
∗ Three groups: n � 90 (small sample), n � 300 (large sample) elements.

• Test sample
∗ Two groups: n � 1500 elements.
∗ Three groups: n � 2700 elements.

• Balance:

• Training sample
∗ Two groups: Equal sample sizes in the two groups; Unbalanced samples, with
1/3 elements in Group 1 and 2/3 in Group 2.
∗ Three groups: Small sample: n � 90 � 30+30+30, or n � 90 � 35+35+20,
or n � 90 � 50 + 20 + 20; large sample: n � 300 � 100 + 100 + 100, or
n � 300 � 120 + 120 + 60, or n � 300 � 180 + 60 + 60.

• Test sample
∗ Two groups: Equal sample sizes in the two groups; Unbalanced samples, with
1/3 elements in Group 1 and 2/3 in Group 2.
∗ Three groups: Equal sample sizes in the three groups; Unbalanced samples,
with the same proportions as in the corresponding training samples.

• Group separation:

• Case Ha: similar means and standard deviations in all groups
∗ Two groups: a � b � 0 in Group 1, a � b � 0.1 in Group 2.
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∗ Three groups: a � b � 0 in Group 1, a � b � 0.1 in Group 2, a � b � 0.2 in
Group 3.

• Case Hb: similar means and different standard deviations
∗ Two groups: a � b � 0 in Group 1, a � 0.1, b � 0.5 in Group 2.
∗ Three groups: a � b � 0 in Group 1, a � 0.1, b � 0.5 in Group 2, a �
0.2, b � 1.0 in Group 3.

• Case Hc: different means and similar standard deviations
∗ Two groups: a � b � 0 in Group 1, a � 0.5, b � 0.1 in Group 2.
∗ Three groups: a � b � 0 in Group 1, a � 0.5, b � 0.1 in Group 2, a �
1.0, b � 0.2 in Group 3.

• Case Hd: different means and different standard deviations
∗ Two groups: a � b � 0 in Group 1, a � 0.5, b � 0.5 in Group 2.
∗ Three groups: a � b � 0 in Group 1, a � 0.5, b � 0.5 in Group 2, a �
1.0, b � 1.0 in Group 3.

We note that in case Hb the standard deviations in Groups 2 and 3 are not only larger
but also more disperse within each group (since multiplying the domain limits of
a Uniform distribution by a given constant, in this case 1+b, not only impacts its
location but also its variance). The same applies to the means in case Hc.

• Distribution of the microdata: Uniform, Normal, LogNormal, Mixture (uniform
mixture of the previous three).

6.2 Discussion of results

The simulation results are summarized in Tables 13 to 28 in Supplementary Material.
Figures 3 to 5 illustrate the obtained results, showing average error rates for Linear
Discriminant Analysis (lda). The corresponding results for Quadratic Discriminant
Analysis (qda) are in general clearly worse under the considered conditions, and for
that reason are not displayed, andwill not be analysed in detail. QuadraticDiscriminant
Analysis may however perform well under different data conditions, not covered in
this simulation study.

We first note that error rates are similar across the distributions of the microdata, as
it can be seen in Fig. 3, where all lines are basically horizontal. As such, we discuss
graphical representations only for the Uniform distribution.

As expected, the error rates are smaller when both means and standard deviations
are widely apart (condition Hd) and larger when they are both similar (case Ha), with
the other two cases (cases Hb and Hc) leading to intermediate results—see Figs. 4 and
5.

In the two-group balanced setup, when the underlying distributions have similar
means (cases Ha and Hb) the average error rates do not differ much across groups;
when distributions have different means, the group 2 where those are larger and more
disperse presents higher average error rates. In the three-group balanced setup, the
“intermediate” group 2 (where mean values and standard deviations are between those
of the other two groups) always displays higher global average error rates, as expected;
however, error rates clearly differ across groups.
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Fig. 3 Error rates in the two group problem, by distribution, group separation, and balance

When the groups are unbalanced, average error rates tend to increase in smaller
groups. In the two-group setup, the unbalance more than compensates other effects,
and the small group 1 is more difficult to separate in all conditions. In the three-group
setup, in the large–large–small condition, the small group 3 has clearly higher error
rates; in the large–small–small condition the large group 1 has error rates inferior
to those of the other two groups, and the “intermediate” group 2 is by far the most
difficult, across all four data conditions (Ha to Hd).

Overall the lda method performed well, and in particular in the well separated case
(Hd), average global error rates are below 8% in the two-group case, and below 16%
in the three-group case.

6.3 Comparison with alternative approaches

6.3.1 Two-group problem

In the case of problems with two groups, we have compared the performance of the
proposed approachwith that of themethod byDias et al. (2021), aswell aswith interval
parametric Discriminant Analysis as described in Duarte Silva and Brito (2015), using
the simulation setup described in Dias et al. (2021).
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Fig. 4 Error rates in the two group problem, by group separation, sample size, and balance

Again, we considered problems with three distributional variables. First we gener-
ated microdata, now exactly as in Dias et al. (2021), and as detailed here below. Then
we considered a full factorial design with small and large samples, where groups may
be balanced or imbalanced, with different degrees of group separation (defined by
similar/dissimilar means and/or standard deviations) and considering four alternatives
for the underlying distribution of the microdata: Uniform, Gaussian, Log-Normal, or
a uniform mixture of those three.

For each data condition, 100 independent training samples were generated. The
error rates of the classification rules were estimated by the average, across the 100
replicas, of the error proportions in a corresponding, independently generated, test
sample.

The microdata has now been generated according to the following specifications:

1. For each variable, the values of the mean and the standard deviation were fixed as:
μX1 � 20, σX1 � 8;μX2 � 10, σX2 � 6;μX3 � 5, σX3 � 4.

2. For each variable j and for each group k, two vectors of length n are generated,
one with values of the means, MX jk � [m jk(i)] and another with values of the
standard deviation SX jk � [s jk(i)]. The n values of each vector MX jk and SX jk ,
are randomly generated, as follows:
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Fig. 5 Error rates in the three group problem, by group separation, sample size, and balance

• m jk(i) ∼ U (c1(1 + a), c2(1 + a)), with c1 � 0.6× μX j , c2 � 1.4× μX j , a � 0
in Group 1 and a > 0 in the other groups.

• s jk(i) ∼ U (h1(1 + b), h2(1 + b)), with h1 � 0.6× σX j , h2 � 1.4× σX j , b � 0
in Group 1 and b > 0 in the other groups.

3. From each couple of valuesm jk(i) and s jk(i), i ∈ 1, . . . , n we randomly generate
5000 real values, x jki (w), w ∈ 1, . . . , 5000 that allow obtaining the empirical
distributions corresponding to unit i and variable X j of the group k and distribution
D. According to the distribution D, the real values are generated as follows:

• D � Uniform distribution: x jki (w) ∼ U (l jk(i), u jk(i)) with
l jk(i) � m jk(i) − √

3s jk(i) and u jk(i) � m jk(i) +
√
3s jk(i)

• D � Normal distribution: x jki (w) ∼ N (m jk(i), s jk(i))
• D � Log-Normal distribution: x jki (w) ∼ LogLN (m̃ jk(i), s̃ jk(i)) with

m̃ jk(i) � 1
2 ln

(
m jk (i)4

s jk (i)2+m jk (i)2

)
and s̃ jk(i)) � ln

(
s jk (i))2

m jk (i)2

)

4. From the 5000 real values x jki (w) generated for each unit i, the following order
statistics were computed: Min, Q1 �1st quartile, Q2 � Median, Q3 �3rd quar-
tile,Max. Each corresponding distribution is then represented by the Median, and
the four LogRanges ln(Q1 − Min), ln(Q2 − Q1), ln(Q3 − Q2), ln(Max − Q3).
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The factorial design has the following factors:

• Total sample size:

• Training sample: n � 50 (small sample), n � 250 (large sample) elements.
• Test sample: n � 1000 elements.

• Balance: Equal sample sizes in the two groups; Unbalanced samples, with 1/5
elements in Group 1 and 4/5 in Group 2.

• Group separation:

• Case Ha: similar means and standard deviations in both groups: a � b � 0 in
Group 1, a � b � 0.1 in Group 2.

• Case Hb: similar means and different standard deviations: a � b � 0 in Group
1, a � 0.1, b � 0.5 in Group 2.

• Case Hc: different means and similar standard deviations: a � b � 0 in Group
1, a � 0.5, b � 0.1 in Group 2.

• Case Hd: different means and different standard deviations: a � b � 0 in Group
1, a � 0.5, b � 0.5 in Group 2.

The comments about cases Hb and Hc in the previous setup also apply here.

• Distribution of the microdata: Uniform, Normal, LogNormal, Mixture (uniform
mixture of the previous three).

Discussion of results
Tables 29 to 32 in Supplementary Material gather the values of the average (and

standard deviation) of the global error rates for all methods and data conditions con-
sidered. We note that in the case of small unbalanced samples, quadratic discriminant
analysis with a distributional approach could not be applied since one of the groups
does not contain enough observations to allow parameter estimation. Figures 6 and
7 display the average error rates for Linear Discriminant Analysis for interval and
distributional approaches, as well as Dias et al. approach (Dias et al. 2021). Quadratic
Discriminant Analysis provides generally higher error rates, and is hence not consid-
ered in these figures. As not all methods perform similarly across distributions, we
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Fig. 6 Comparison of error rates in the two group problem for different methods, by group separation and
balance, Uniform (left) and Normal (right) distributions
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Fig. 7 Comparison of error rates in the two group problem for different methods, by group separation and
balance, LogNormal (left) and Mixture (right) distributions

discuss them all. The results for the Normal distribution follow closely those of the
Uniform, and the results when a mixture of distributions is considered are frequently
similar to those of the LogNormal distribution.

The proposed distributional approach tends to provide the best results when the
groups are well separated (case Hd), particularly for unbalanced groups and when
the underlying distributions are not symmetrical. In contrast, the method by Dias
et al. performs better for the cases of intermediate separation (cases Hb and Hc), and
balanced groups, with symmetrical distributions. In general, separation in terms of
the standard deviations of the underlying distributions tends to favour the proposed
approach, whereas separation in terms of the corresponding means tends to favour the
approach by Dias et al. In particular, for case Hb with non-symmetrical distributions,
or unbalanced groups, our approach (with lda) performs better; there is however a
noticeably exception when Dias et al. approach provides lower average error rates
when the groups are balanced and the datawere generated by amixture of distributions.
In case Hc, Dias et al. approach performs better except for large unbalanced samples
or microdata generated by a mixture of distributions.

When the groups are poorly separated (case Ha), and unbalanced, the parametric
(interval and distributional) approaches perform much better, with similar results.
Larger samples tend to favour the distributional approach, and smaller samples the
interval approach, as expected. If however the groups are balanced then the interval
approach provides higher error rates for non-symmetrical underlying distributions,
whereas the proposed distributional approach and the method by Dias et al. perform
similarly.

6.3.2 Three-group problem

We now compare the performance of the proposed approach in three-group problems
with that of interval parametric Discriminant Analysis (Duarte Silva and Brito 2015),
using the data generated in Sect. 6.1.

Discussion of results
Tables 33 to 36 in Supplementary Material gather the values of the average (and

standard deviation) global error rates for all methods and data conditions considered;
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Fig. 8 Comparison of error rates in the three group problem for distributional and interval approaches, by
group separation and balance, Uniform (left) and Normal (right) distributions
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Fig. 9 Comparison of error rates in the three group problem for distributional and interval approaches, by
group separation and balance, LogNormal (left) and Mixture (right) distributions

Figs. 8 and 9 display the average rates for Linear Discriminant Analysis for interval
and distributional approaches. As for the two-group problems, quadratic discriminant
analysis provides higher error rates, and is not considered in these figures. When the
underlying distributions are symmetrical both approaches provide similar results, with
a slight advantage of the interval approach for the Uniform distribution. However, for
non-symmetrical distributions, the proposeddistributional approach is clearly superior.
This highlights the advantage of the current proposal allowing taking into account the
shape of the underlying distributions.

7 Applications

We now apply the proposed framework in two problems. The first one concerns Inter-
net traffic, where it is wished to identify “attacks”, leading to traffic re-direction.
In the second one we analyse Portuguese official data, to identify area types
(rural/medi–urban/urban) from the corresponding distributions of several variables
connected to agricultural activity. Again, the implemented procedure tries all five con-
figurations in each case, and chooses the best one now according to cross-validated
estimates of the error rates. For comparison purposes, we also apply the parametric
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Discriminant Analysis for interval-valued data, proposed in Duarte Silva and Brito
(2015), the method developed in Dias et al. (2021), when applicable, and traditional
Discriminant Analysis using only the medians or else the minima and the maxima of
each variable.

7.1 Application to Internet traffic problem

We now consider the problem of identifying Internet traffic re-direction (“attacks”)
(Subtil et al. 2020). We use measurements obtained from a worldwide distributed
probing platform, designed to detect routing variations based on round-trip-times
(RTT) deviations inferred from disperse locations, the targets. There are 12 probes
(see Table 3), where the RTT are measured, and four targets: Chicago, Frankfurt,
Hong-Kong and London. Regular traffic goes from probe to target and comes back
to the probe; in the presence of an attack, traffic is diverted through a relay before
returning to the probe, and the RTT will be larger—see Table 3.

We note that Chicago and Frankfurt are both targets and probes, so that for those
targets only 11 probes are considered.

The objective here is to determine if a target is under attack. For each probe, an
observation consists of 10 measurements of RTT, and will hence be represented by
distribution valued variables. We choose to characterize the corresponding empirical
distribution by the median, and the intervals [minimum, median] and [median, maxi-
mum]. Table 4 shows the first and last units for the Chicago target. Table 5 presents
the number of regular and diverted observations for each target.

In our model, p � 12 variables (the probes), m � 2 intervals, C � Med; R∗
1 �

ln(Med − Min); R∗
2 � ln(Max − Med). Following the modelling above, we assume

(C, R∗
1 , R

∗
2) ∼ N (μ,�), where μ is a 36-dimensional vector and � is the 36 × 36

covariance matrix.

Table 3 Internet data: Probes,
targets and relays Probes

Amsterdam Chicago

Frankfurt Los Angeles 2

Iceland São Paulo

Milan Viña del Mar

Sweden Johannesburg 1

Israel Johannesburg 2

Targets

Chicago Frankfurt

Hong Kong London

Relays

Los Angeles 1 Madrid

Moscow São Paulo 1
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Table 4 Internet data: distributional data for Chicago (partial view)

Probe: Amsterdam . . . Probe: Sweden

s1 {[109.4, 115.7[, 0.5; [115.7, 117.7], 0.5} . . . {[115.2, 118.7[, 0.5; [118.7, 135.0], 0.5}
s2 {[101.7, 117.6[, 0.5; [117.6, 121.3], 0.5} . . . {[119.6, 122.0[, 0.5; [122.0, 124.3], 0.5}
. . . . . . ... . . .

s11860 {[103.1, 105.1[, 0.5; [105.1, 107.0], 0.5} . . . {[118.4, 122.7[, 0.5; [122.7, 123.0], 0.5}

Table 5 Internet data: number of observations corresponding to regular traffic and traffic diverted by relay

Target Regular Relay Total attacks

LA1 Madrid Moscow São Paulo

Chicago 8732 848 598 768 914 3128

Frankfurt 8663 745 538 832 798 2913

Hong Kong 8544 770 564 808 810 2952

London 8569 681 567 782 835 2865

We shall address both a two-class (regular vs irregular traffic) and a five-class
(regular, and four distinct relays) problems, for each target.

7.1.1 Analysis of Variance

We tested difference between the regular and irregular traffic, for all four targets, using
all applicable probes as variables. The results in Table 6 show that those differences
are clearly significant.

Univariate ANOVA’s for each of the individual probes also provide highly signifi-
cant results in all cases, with p-values always below 10−5.

We then considered the five-class problems, using the same approach. The results
of the multivariate ANOVA’s in Table 7 put in evidence the strong differences between
the regular traffic and traffic diverted through each of the individual relays.

The univariate results for this case have p-values always below 10−30.

Table 6 Internet data: multivariate Analysis of Variance results for the two-class problems

Target Configuration Chi-square statistic d.f p-value

Chicago 1 25,561.4 33 < 10−300

Frankfurt 1 11,850.8 33 < 10−300

Hong Kong 1 19,758.0 36 < 10−300

London 1 20,738.1 36 < 10−300
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Table 7 Internet data: multivariate Analysis of Variance results for the five-class problems

Target Configuration Chi-square statistic d.f p-value

Chicago 1 140,310.5 132 < 10−300

Frankfurt 1 114,739.1 132 < 10−300

Hong Kong 1 96,849.0 144 < 10−300

London 2 312,905.2 144 < 10−300

N.B.: Results for the individual ANOVA’s are available from the authors upon
request.

7.1.2 Discriminant Analysis

We have then applied Linear and Quadratic Discriminant Analysis (see Sect. 5) to this
dataset, wherewe choose the covariance configuration byminimising a cross-validated
estimate of the error rate. For comparison purposes, we have also performed classifi-
cation on the classical dataset where for each unit and each probe only the median of
the observed RTT values is kept, again using linear and quadratic classification rules.

In order to assess the extent of deviations from normality, Tables 60–63 and 64–71
in the Supplementary Material report the skewness and kurtosis coefficients for each
variable/class combination in the two-class and five-class problems respectively. Even
though a few variables show considerable skewness and excess kurtosis, high values
in these two measures tend to go hand in hand, ruling out the most unfavourable data
condition for the use of normality based linear classification rules (Nakanishi and Sato
1985). Furthermore, as it will be discussed below, although these rules are not optimal
for these data (because of their lack of normality), they are actually quite effective,
leading to very small error rates.

Tables 8 and 9 show the error rates for the best configuration with the proposed
approach, the best configuration with interval Discriminant Analysis (as in Duarte
Silva and Brito (2015)), traditional Discriminant Analysis on the medians, and the
method proposed in Dias et al. (2021) (for the two-class problem). Error rates are
obtained by 10-fold cross validation replicated 20 times in all cases, except for the
computationally heavier method in Dias et al. (2021) where they are obtained by 10-
fold cross validation replicated five times. Complete tables with error rates, as well as
confusion matrices for the best cases, are provided as Supplementary Material.

We notice that the global error rates in the best cases (see Tables 8 and 9) are
generally low for all approaches, always below 5.5% in the two-class problems and
below 1.5% in the five-class problems. Nevertheless, some attacks appear to be more
difficult to detect than others. This is particularly the case when the target is Hong
Kong, where attacks aremuch harder to identify. In the two-class problems, and except
for the Hong Kong target, the distributional approach is always better at detecting
attacks, although the results are more mixed as concerns the global error rates. In
the five-class problem the error rates tend to be lower. For the London an Hong
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Table 8 Internet data: error rates for the two class problems: best cases

Target Approach Method Config Regular Attack Global

Chicago Distributional Linear 3 0.00013 0.00106 0.00038

Interval Linear 1 0.00015 0.00353 0.00107

Traditional-Median Linear – 0.00105 0.00206 0.00132

Dias et al. – – 0.00034 0.00156 0.00067

Frankfurt Distributional Quadratic 5 0.01774 0.00000 0.01233

Interval Linear 3 0.00569 0.15899 0.05248

Traditional-Median Quadratic – 0.01460 0.00009 0.01095

Dias et al. – – 0.00616 0.15814 0.05255

Hong Kong Distributional Linear 1 0.00233 0.11133 0.02931

Interval Linear 1 0.00193 0.12409 0.03208

Traditional-Median Quadratic – 0.00863 0.03196 0.01462

Dias et al. – – 0.00218 0.21000 0.05364

London Distributional Linear 1 0.00097 0.00497 0.00218

Interval Linear 1 0.00157 0.00520 0.00267

Traditional-Median Linear – 0.00083 0.00585 0.00209

Dias et al. – – 0.00057 0.00732 0.00261

Kong targets, the traditional and distributional approaches have a similar performance,
slightly better than the interval approach; however, for Chicago and Frankfurt the
distributional approach gives results similar to the interval approach, better than the
traditional one, and is particularly better in detecting attacks. In the two-class problems,
the proposed distributional approach outperforms the method by Dias et al. (2021),
confirming the simulation results for well-separated groups.

In the two-class problems, quadratic rules perform best for Frankfurt when using
the distributional approach, and for both Frankfurt and Hong Kong when using a
traditional approach. In the former case, we note that the sparse configuration 5 (diag-
onal covariance matrix) is selected, which can be explained by the large number of
parameters involved. In the five-class problems, linear rules perform always better than
quadratic ones, both for the distributional aswell as interval and traditional approaches.
In the distributional approach either configuration 1, or the sparser configurations 3 or
4, are selected, ruling out independence of the distributional variables (configuration
2).

The confusion matrix for the five-class problems concerning Hong Kong shows
that most of the errors result from confusing the Madrid and the Moscow relays. We
suspect that the extra RTT to Hong Kong should be quite similar when the relay is
either Madrid or Moscow, which may explain the higher error rates in this case. For
all the remaining cases, the best distributional method always succeeds in achieving
error rates below 1%.
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7.2 Application to official data

In this application we analyse data from the Portuguese Agriculture Census of 2009.
The data units are parishes, in each of which farms have been observed and the corre-
sponding data collected. In our analysis, each parish is described by the distribution,
across the corresponding farms, of five variables, namely, Utilised Agricultural Area
(UAA), Total Grain Cereals (TGC), Total Meadows and Fodder Crops (TMFC), Total
Arable Land (TAL), and Total of Permanent Crops (TPC). The original data comprised
714 parishes with 22 variables, but only 149 parishes had no missing values, one of
which had an obviously incorrect value.

The final dataset comprises hence 148 parishes, of which 49 correspond to Predom-
inantly Rural Areas (PRA), 58 toMedi-Urban Areas (MUA), and 41 to Predominantly
Urban Areas (PUA). The number of farms per parish varies between 49 and 4104, with
an average of 759.9. Per area type, these values are: PRA - 49 to 4104 (average �
1110.2); MUA - 84 to 2295 (average � 662.9), PUA - 66 to 1071 (average � 380.4).
The problem consists in distinguishing the three groups of parishes, according to the
area type.

Information about the Census and the questionnaire used may be found in Statistics
Portugal (2009).

In ourmodel, p � 5,m � 4,C � Med; R∗
1 � ln(Q1−Min); R∗

2 � ln(Med−Q1);
R∗
3 � ln(Q3−Med); R∗

4 � ln(Max−Q3). Following themodelling above,we assume
(C, R∗

1 , R
∗
2 , R

∗
3 , R

∗
4) ∼ N (μ,�), where μ is a 25-dimensional vector and � is the

25 × 25 covariance matrix.

7.2.1 Analysis of Variance

We conducted a global multivariate Analysis of Variance, as well as variable-wise
Analysis of Variance for each distributional variable. The results are shown in Table
10.

We observe that the three groups are well separated by the overall set of variables.
However, at 5% significance level, variables Total Grain Cereals (TGC) and Total
Meadows and Fodder Crops (TMFC) do not distinguish the three area groups.

Table 10 Official data: Analysis of Variance results

Variable Configuration Chi-square statistic d.f p-value

Global 1 133.70 50 1.46 × 10−9

UAA 1 56.65 10 1.55 × 10−8

TGC 1 14.12 10 0.167

TMFC 1 16.59 10 0.084

TAL 1 18.80 10 0.043

TPC 1 25.92 10 0.004
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Table 11 Official data: error rates, best cases

Approach Method Config PRA MUA PUA Global

Distributional Linear 4 0.46552 0.32653 0.48780 0.42568

Interval Quadratic 1 0.18966 0.42857 0.92683 0.47297

Classical - Med Linear – 0.53448 0.34000 0.75610 0.53020

Classical - Min-Max Linear – 0.44828 0.24490 0.68293 0.44595

7.2.2 Discriminant Analysis

We have applied Linear and Quadratic Discriminant Analysis (see Sect. 5) to these
data choosing the covariance configuration by minimising a cross-validated estimate
of the error rate. For comparison purposes, we have also performed classification using
Discriminant Analysis for interval-valued data, as proposed in Duarte Silva and Brito
(2015), as well as on the classical dataset where for each unit and each variable only
the median or else the minimum and the maximum of the observed values are kept, in
all cases using both linear and quadratic classification rules.

In order to assess the extent of deviations from normality, Table 75 in the Sup-
plementary Material reports the skewness and kurtosis coefficients for each variable
in each area type. A few variables (in particular the median indicators) show some
skewness and excess kurtosis. However, for most of them these measures are simi-
lar across area type which suggest that the variable distributions tend to have similar
shapes across groups. Furthermore, for the few variables where that is not the case,
a high value for the skewness tends to be associated with a corresponding high value
for the kurtosis coefficient.

Table 11 shows the error rates obtained by leave-one-out, for the best method and
configuration (in the distributional and interval approaches), and for the best method
when a traditional Discriminant Analysis is applied. Complete tables with error rates
are provided as Supplementary Material.

The linear classification rule is best both for the distributional and the traditional
approaches, with the sparse configuration 4—only the corresponding indicators may
be correlated—being chosen in the distributional approach. However, when using an
interval approach, Quadratic Discriminant Analysis based on unconstrained variance-
covariance matrices provides the lowest global error rate.

This is a rather more difficult problem than the previous one, with high error rates
for all approaches. Nevertheless, the distributional approach clearly improves the tra-
ditional one, with particular emphasis on the classification of the Predominantly Urban
Areas (PUA). Notice that the error rate obtained when using the linear distributional
approach is never above 50%, neither globally nor in the PUA class, which is not the
case for any of the remaining approaches.

Table 12 shows the confusion matrix for the best case, i.e., linear distributional
approach, with configuration 4. We notice that the two area types more difficult to dis-
tinguish are theMedi-UrbanAreas (MUA) and the PredominantlyUrbanAreas (PUA).
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Table 12 Official data: confusion
matrix, configuration 4, linear
classifier (original classes in
rows, predicted in columns)

PRA MUA PUA

PRA 0.534 0.276 0.190

MUA 0.122 0.673 0.204

PUA 0.049 0.439 0.512

As it could be expected, the Predominantly Rural Areas (PRA) and the Predominantly
Urban Areas (PUA) are relatively easily separated.

8 Conclusion

In this paper, we propose parametric models specific for numerical distributional-
valued variables which allow for model-based multivariate analysis of distributional
data. We have addressed Analysis of Variance and Discriminant Analysis using linear
and quadratic classification rules. A simulation study analyses the effect of relevant
factors in classification problems. Comparisons with alternative approaches show that
our proposal is particularly advantageous in problems with unbalanced groups, non-
symmetrical underlying distributions, or well-separated groups. Experimental results
in two applications from different areas, and with different sizes and group separation,
show the pertinence and usefulness of the proposed framework.

The approach presented here may be extended in a number of different ways.
On the one hand, robust estimation and (distributional) outlier detection should be
developed. Other multivariate methodologies such as model-based clustering may
also be tackled. On the other hand, alternative distributions may be considered, e.g.,
the Skew-Normal distribution, to extend the proposed approach beyond the normality
assumption. Furthermore, an R Package implementing our models and methods is
currently under development.

Supplementary Information The online version contains supplementary material available at https://doi.
org/10.1007/s11634-025-00624-x.
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