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Abstract. In sectorization problems, a large district is split into small
ones, usually meeting certain criteria. In this study, at first, two single-
objective integer programming models for sectorization are presented.
Models contain sector centers and customers, which are known before-
hand. Sectors are established by assigning a subset of customers to each
center, regarding objective functions like equilibrium and compactness.
Pulp and Pyomo libraries available in Python are utilised to solve related
benchmarks. The problems are then solved using a genetic algorithm
available in Pymoo, which is a library in Python that contains evolution-
ary algorithms. Furthermore, the multi-objective versions of the models
are solved with NSGA-II and RNSGA-II from Pymoo. A comparison
is made among solution approaches. Between solvers, Gurobi performs
better, while in the case of setting proper parameters and operators the
evolutionary algorithm in Pymoo is better in terms of solution time,
particularly for larger benchmarks.

Keywords: Sectorization - Optimization - Pulp - Pyomo - Gurobi -
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1 Introduction

The main objective of sectorization problems (SPs) is to divide a large territory
into smaller sectors according to criteria like equilibrium and compactness [1, 6].
They have many applications in designing territories for airspace [7], commerce
[8], electrical power [9], forest [10], healthcare [11, 12], sales [13, 14], school [15],
social service [16], politic [17, 18].
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Real-life applications of SPs are usually large, and models are generally in
the form of linear, quadratic, and non-linear optimization. As in many other
fields of operational research, the efficiency of methods and solution times are
important matters.

In this study, single-objective (SO) and multi-objective (MO) models are
presented for a basic SP, in which, centers are known beforehand. Then different
solvers and metaheuristics are used for their solution. The main differences of
this study from the previous ones can be summarized as follows: Pulp, Pyomo,
intlinprog, Gurobi, and a genetic algorithm (GA) from Pymoo are used to solve
these models and the results are compared. MO model is discussed and the non-
dominated sorting genetic algorithm (NSGA-II) and the reference point based
non-dominated sorting genetic algorithm (RNSGA-II) are used to solve it. It
is shown that the RNSGA-II, which has not been used to solve sectorization
problems before, has not a good performance as much as NSGA-II.

2 Models Description

This section describes the models of the SP. In a region, there are n points to be
assigned to k sectors. The coordinates of points and center of sectors are known
beforehand. The related decision variable is defined as follows:

iy = {1, if point i is assigned to sectorji: Lonj=1.. k (1)

0, otherwise.

Some of the used notations are summarized in Table 1.

Table 1. Used notations

Notation Description

n Total number of points

k Total number of sectors

Xij Decision variable about assignment of point i to sector j

cj Center of sector j
dic/_ Euclidean distance between each two points i and the center of sector j
o Target number of points per sector

q;j Number of points in sector j

q Average number of points in sectors

D; Total distance of the points in sector j from the center
Tequ | Tolerance for the equilibrium criteria
Tcom |Tolerance for the compactness criteria

fi Single-objective function related to compactness
f Single-objective function related to equilibrium
f Multi-objective function related to compactness and equilibrium

ST solution time
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2.1 SC: SO model to minimize compactness

In this model, as defined in Equation 2, compactness is the objective function,
while equilibrium is satisfied with a constraint. Compactness is defined based on
measuring the total distance of the points to the center of the assigned sector
[19, 20].

k n
fi = Minimize szi"jxif (2)

j=li=1

There are also some constraints, which are defined as in Equations 3, 4, 5
and 6.

Each point should be assigned to only one sector, which is ensured with
Constraint 3.

k
Y xij=1, Vi=1,..n (3)

Constraint 4 is used to assign at least one point to each sector.

n
Yoxij>1, Vji=1,.k (4)
1

With Constraint 5, lower and upper limits are determined for the number
of points that can be assigned to each sector, and in this way, the equilibrium is
provided within an interval.

N

Q(]_Tequ>§ xijSQ(]+Tequ)7 Vi=1,...,k (5>
i=1

where 0 < 7,4, < 1 and Q = | ] is the target number of points per sector. The
domain of the decision variable is defined in Constraint 6.

x,'jE{O,l}, Vi=1,..,n, j=1,...k. (6)

2.2 SE: SO model to maximize equilibrium

In this model, we aim to maximize equilibrium. So, the objective function, as
defined in Equation 7, is to minimize the variance of the number of points in
each sector. Compactness is provided by Constraint 8.

k ( L =\2
g q;—4q)
> = Minimize J;ﬁ (7)

_\n - vk qj
where gj =Y xjj and =Y, 7.
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n
dicjxijSDj(l_Tcom), Vi=1,...k (8)
i=1

l

where D; = Zf‘:ldicj, Vji=1,...,k and 0 < 7., < 1. Also, Constraints 3, 4,
5, and 6 are valid.

2.3 MCE: MO model to minimize compactness and to maximize equilibrium

In this model, the objective function as defined in Equation 9, considers both
compactness and equilibrium, based on the Pareto optimality concept [20].

f = Minimize (fi, f2) 9)

Constraints 3, 4, 5, 6, and 8 are valid.

3 Solution Approaches

We use Pulp, Pyomo, intlinprog, Gurobi, and Pymoo to solve the models. Pulp
is an open-source package in Python that can solve linear models. Pyomo is an
open-source package in Python that can solve linear, quadratic and non-linear
models. Intlinprog is a function in the optimization toolbox of MATLAB to
solve linear models. Pymoo is an open-source library in Python that contains
single-objective evolutionary algorithms (SOEAs) and multi-objective evolution-
ary algorithms (MOEAs) and many more features related to optimization such
as visualization and decision making [21]. From SOEAs, GA and from MOEAs,
NSGA-II and RNSGA-II are used.

GA is one of the most famous evolutionary algorithms that starts with an ini-
tial population generation, and then selection, crossover, and mutation operators
are used to derive generations and this process continues until the termination
condition is reached.

In NSGA-II, the populations of parent and offspring are merged and sorted,
then using the non-dominated sorting, Pareto fronts are determined. At the next
step, the individuals of the new population are selected. The crowing distance
is the concept used for selection. This process continues until the condition of
termination is reached [22, 23].

The stages of RNSGA-II are similar to NSGA-II, but it uses a modified sur-
vival selection, which is frontwise. The front is split since all individuals cannot
survive. The selection of individuals on the splitting front is done based on rank,
which is calculated as the euclidean distance to each reference point. The rank
of the closest solution to a reference point is equal to 1. The ranking of each
solution is the best rank assigned to it [24, 25].

All codes are available via the corresponding author’s email address.
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4 Experimental Results

We use a system with Intel Core i7 processor, 1.8 GHz with 16 GB of RAM.
The results obtained for the SO and MO models are presented in Table 2 and
5, respectively. Python 3.5, a trial version of MATLAB R2020b, and Gurobi
9.0.2 with an academic license are used to obtain the results. It is possible to
use different solvers in Pyomo. The presented results in Table 2 are for ipopt.
Similar results occur with other solvers that can solve quadratic models.

Benchmarks are shown as n X m, where n and m are the numbers of points and
sectors respectively. Benchmarks are generated as 200x10, 500x31, 1000x 76,
and 2000x200. The coordinates of both points and sectors centers are generated
according to the Normal(50,10) distribution. In GA, the half uniform crossover
and a random mutation with a rate equal to 0.1 are used. Population size and
the number of offsprings are equal to 100 and 10, respectively. The number of
iterations is 200 but according to the settings, the search ends when the algorithm
reaches sufficient convergence in fewer iterations.

For benchmarks 200x 10, 500x 31, 1000x 76, and 2000x200 the value of Q is
equal to 20, 16, 13 and 10, respectively. For these benchmarks, feasible results
are obtained when 7,4, is in intervals (0.2, 1), (0.27, 1), (0.45, 1) and (0.61, 1),
while these intervals are (0, 0.89), (0, 0.95), (0, 0.91), and (0, 0.99) for T.mm.
The values of 7,4, are chosen to be 0.2, 0.27, 0.45 and 0.61, when for 7., they
are 0.89, 0.95, 0.91 and 0.99. The reason for this choice is to create the tightest
ranges. In the tables, the results that are found by the solvers as an optimal
solution are made bold.

If the solvers could not find a feasible solution within 15 minutes, the relevant
place in the table is indicated by ”-”". Since there are more parameters, variables,
and constraints in real-life SPs, the models and benchmarks in this study can
actually be considered as small ones. Therefore, they are expected to be solved
in under 15 minutes. In the tables, solution times (ST) are in seconds.

For Model SC, intlinprog can provide the optimal solution for two bench-
marks. In terms of achieving optimal results, with used operators, Pymoo does
not outperform solvers. It doesn’t even find a feasible solution for two bench-
marks. However, when the values of population size and the number of offsprings
change, feasible solutions are obtained, which are shown in Tables 3 and 4. For
Model SC, Gurobi has the best performance in terms of both results and com-
putation time.

In the model SE, which is quadratic, except for benchmark 200x10, within
the determined time, Pyomo and Gurobi are not able to find any result. But for
this model, the GA in Pymoo achieved results for all benchmarks at a reasonable
time.

In both models, CPLEX has a similar performance to Gurobi in terms of
both solutions and time, so its results are not given in the table. The version of
the used CPLEX is 12.9.0 with an academic license.
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Table 2. Comparison between the results for the SO models, obtained using Pulp,
intlinprog, Pyomo, Gurobi, and Pymoo

Model SC Model SE
f1 ST f| ST
Pulp 1588.07| <1
200% 10 intlinprog 1542.71| 14 ||Pyomo ~ 0[4.19
Gurobi 1542.71| < 1 ||Gurobi ~0]294
Pymoo (GA)| 3361 | 8.30 ||[Pymoo (GA)| 3 |2.47
Pulp 2555.76| 1200
intlinprog 2420.33(519.53||Pyomo - -
50031 Gurobi 2434.95| < 1 ||Gurobi - -
Pymoo (GA)| - - ||Pymoo (GA)|6.56| 2.64
Pulp 3389.90| 1022
intlinprog - - Pyomo - -
100076 Gurobi 3123.4| <1 ||Gurobi - -
Pymoo (GA)| - - ||Pymoo (GA)|5.31| 3.43
Pulp - -
intlinprog - - Pyomo - -
20005200 Gurobi 3363.5 | 2.56 ||Gurobi - -
Pymoo (GA)| 36837 | 13.02 ||Pymoo (GA)|6.83]|12.11
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In metaheuristics, the level of parameters and used operators affect the re-
sults. Examples of this are given in Tables 3 and 4, where the population size
and number of offsprings are equal to 1000 and 100, respectively. Also, in these
tables, int_ ux, int_ hux and int_ sbx, represent the uniform, half uniform and
simulated binary crossover, respectively. Details can be found in [25].

The following tables give the results of metaheuristics in Pymoo library, only
for benchmarks 200x 10, 1000x 76, and 2000x 200, due to the page limit. As seen,
for the used benchmarks, results can be improved when the population size and
number of offsprings are defined at higher levels.

Table 3. Comparison between the results for the model SC obtained using different types of oper-
ators

Model SC
Crossover type|Mutation rate| f) SC
nt_hux 0.1 3172 7.06
200x10 | hux 02 3264 474
int_ux 0.1 17486] 14.24
1000x76 | 41t ux 0.2 17190 19.12
int hux 0.1 35694] 41,73
20002000 o 0.2 35176]108.10

Table 4, Comparison between the results for the model SE obtained using different types of oper-
ators

Model SE
Crossover type Mutation rate| f> | ST

int_ux 0.1 2.2 18.28

200x10 int ux 0.2 2 455
int_hux 0.1 5.65(20.31

100076 | 40¢ hux 02  6.1314.13
int_sbx 0.1 6.68(40.18

2000200 ;' sbx 02  16.73/53.31

The results for the model MCE obtained by NSGA-IT and RNSGA-II are pre-
sented in Table 5, where NS represents the number of obtained non-dominated
solutions. As seen, in two benchmarks NSGA-II achieves more non-dominated so-
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lutions. The Pareto fronts figure by NSGA-II and RNSGA-II for 200x 10 bench-
marks are shown in Figs. 1 and 2.

Table 5. Comparison between the results for the MO models obtained by NSGA-11
and RNSGA-II

Model MCE
NS| ST
NSGA-II |14]| 72.94
RNSGA-I1| 6 | 67.88

200x 10

NSGA-IT |11]| 17.02

1000x76 | eNSGA-II| 9 | 31.70

NSGA-II
RNSGA-II

I~

65.16

2000200 36.29

I~

5 Conclusion and Future Work

In this study, Pulp, Pyomo, intlinprog, Gurobi, and a GA in Pymoo were used
to solve two SO models, one of which is linear and the other quadratic, designed
based on compactness and equilibrium objective functions. For the linear model,
Gurobi was generally able to obtain a solution for all benchmarks. It also per-
formed well in terms of solution times. In the quadratic model, both Pyomo and
Gurobi were unable to achieve an optimal solution within the defined time, for
all but small benchmarks.

With the used parameters and operators, although the used GA from Pymoo
did not achieve optimal results, it had a good performance in terms of speed,
especially when suitable operators and parameters are defined.

Overall, among the solvers, Gurobi performed better. It is obvious that the
results and performance of the solvers vary according to the nature of the prob-
lem and the used benchmarks. Results of further benchmarks will be presented
in future studies.

Gurobi and CPLEX are capable of parallel computing. We have a plan to
use this feature in other studies.
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Also, unlike previous studies, we also considered MO versions of the mod-
els and NSGA-II and RNSGA-II, which are available in Pymoo. In two of the
benchmarks, NSGA-IT performed better than RNSGA-II. The performance of
MOEAs can be evaluated based on various indicators. In future studies, differ-
ent performance indicators will be used.

The authors will consider this study’s results for a more effective design of
a decision support system dealing with sectorization problems, which they are
ending. The results can also provide a reference for researchers who want to use
solvers and libraries of this study.

The used parameters, for example, the ones for tolerance intervals, affect
the results. In particular, MOEAs have some special parameters that must be
defined specifically for the problem. It is planned to make more comprehensive
analyzes by considering all parameters and operators used in algorithms.

In this study, only NSGA-II and RNSGA-II are used among MOEAs. Com-
parison between more algorithms will be made in future studies.
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