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Abstract 

The displacement and stress models of the hybrid-Trefftz finite element formulation are applied 

to the elastostatic and elastodynamic analysis of two-dimensional saturated and unsaturated 

porous media problems.  

The formulation develops from the classical separation of variables in time and space, but it 

leads to two time integration strategies. The first is applied to periodic problems, which are 

discretized in time using Fourier analysis. A mixed finite element approach is used in the second 

strategy for discretization in time of non-periodic/transient problems. These strategies lead to a 

series of uncoupled problems in the space dimension, which is subsequently discretized using 

either the displacement or the stress model of the hybrid-Trefftz finite element formulation. The 

main distinction between the two models is in the way that the interelement continuity is 

enforced. The displacement model enforces the interelement compatibility, while the stress 

model enforces the interelement equilibrium.  

As is typical of Trefftz methods, for both models, the approximation bases are constrained to 

satisfy locally the homogeneous form of the domain (Navier) equations. The free-field solutions 

of these equations are derived in cylindrical coordinates and used to construct the domain 

approximations of the hybrid-Trefftz displacement and stress elements. If the original equations 

are non-homogeneous, the influence of the source terms is modelled using Trefftz-compliant 

solutions of the corresponding static problem.  

For saturated porous media, the finite element models are based on the Biot's theory. It 

assumes an elastic solid phase fully permeated by a compressible liquid phase obeying the 

Darcy's law. For the modelling of unsaturated porous media, the finite elements are formulated 

using the theory of mixtures with interfaces. The model is thermodynamically consistent and 

considers the full coupling between the solid, fluid and gas phases, including the effects of 

relative (seepage) accelerations. Small displacements and linear-elastic material behaviour are 

assumed for all models.  
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Chapter 1 

Introduction 

1.1 Object and objectives 

In the context of solid mechanics, the Rayleigh-Ritz method is the theoretical foundation of the 

conforming displacement (conventional) finite elements. Their behaviour is thoroughly studied 

and well understood. Currently, they form the vast majority of the finite elements implemented 

in general purpose software. Various reasons justified, however, the introduction of alternative 

finite element approximations, aiming at eliminating some of the limitations of the conventional 

elements. The first reason is the relative “importance” of the physical quantities modelled by the 

elements for the engineering practice. Conventional elements produce compatible solutions, 

which tend to underestimate both displacements and stresses. From an engineering perspective, 

however, the stress field is typically more relevant, and therefore a method producing 

equilibrated solutions may be more appealing. The second reason is related to the constraint that 

stands at the core of the Rayleigh-Ritz method, requiring that the domain approximation 

functions should satisfy locally the boundary compatibility equations. This condition drastically 

restricts the choice of the approximation functions and practically eliminates the option of using 

elements with different shape functions in the same mesh. Finally, for some problems (e.g. 

fourth-order boundary value problems), higher order of continuity is required for the 

approximation functions, which is particularly difficult to ensure.  

Identifying the Rayleigh-Ritz conformity constraint as the single most important cause of the 

above limitations, non-conventional elements essentially replace the strong (local) compatibility 

compliance with a weak one, which is explicitly enforced in the formulation. Distinct 

approximations must then be used for domain and boundary fields, which caused these 

approaches to be coined “hybrid” or “multidomain” methods [1]. While the solution is no longer 

locally compatible, this strategy does succeed in avoiding all the above limitations of the 

conventional elements. 

Adopting the perspective presented in [2], the hybrid formulations include the three classes 

of elements, namely hybrid-mixed, (pure) hybrid and hybrid-Trefftz elements. In the hybrid-
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mixed formulation, no constraints are placed on the domain approximation bases and all field 

conditions are enforced on average. The strength of this formulation is its ability to 

accommodate any approximation basis, as, for instance, computer-friendly digital functions, as 

reported in [3]. The downside of tailoring the approximation functions to the computer is the 

need to use a high number of degrees of freedom to reach good accuracy, as the functions bear 

little physical information on the modelled problem. Conversely, the hybrid-Trefftz formulation 

requires the domain approximation functions to satisfy locally all domain equations. The major 

feature of the hybrid-Trefftz elements is the richness of information contained in the 

approximation basis. This trait allows these elements to yield highly accurate solutions with a 

relatively small number of degrees of freedom and considerably enhances their robustness to 

issues hindering the behaviour of conventional elements. Moreover, all coefficients of the 

solving system are defined by boundary integrals, thus eliminating the geometrical constraints 

the conventional elements must typically observe. The price paid, however, is the lack of 

flexibility in choosing the approximation functions, which may be numerically heavy to 

implement and not allow analytic integration. As the domain approximation functions only 

satisfy the homogeneous form of the domain equations, they are unable to account for eventual 

non-homogeneous terms induced, for instance, by the presence of body forces, temperature 

gradients, non-linear terms and initial conditions. Particular solution functions must then be 

added to the domain basis to restore its key properties, but they may not be easy to obtain 

analytically. Finally, hybrid elements are a compromise between hybrid-mixed and hybrid-

Trefftz elements. The domain approximation functions of hybrid elements are constrained to 

satisfy locally either the equilibrium or the compatibility conditions. In all three formulations, the 

boundary approximation basis is unrestricted and inter-element continuity conditions are 

enforced in weak form.  

The objective of this work is to report on the formulation, implementation and validation of 

hybrid-Trefftz finite elements for modelling the response of saturated and unsaturated porous 

media with linear-elastic behaviour under static and dynamic (harmonic and transient) 

excitations.  

The mechanical response of such materials is highly relevant in Soil Mechanics, but fields 

like Materials Science, Ecology and Biomechanics also deal frequently with saturated and 

unsaturated media (e.g. noise barriers, pollutant transport, cartilage and bone mechanics). A 
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considerable breadth of mathematical models is available for multi-phase materials. They range 

from single-phase continuous models with modified mechanical characteristics to account for the 

presence of various phases to fully coupled multi-phase models, taking into account the micro- 

and macro-scale interaction of the constituents.  

Single-phase models are typically sufficient for modelling the short-term dynamic behaviour 

of low-permeability porous media (e.g. clays), where the relative motion of the fluid phases in 

respect to the solid phase is limited and thus marginally influences the response of the mixture 

(frozen medium behaviour). A single compressional wave (with large wavelength) and a shear 

wave propagate through single-phase materials, as the fluid seepage is too limited to 

accommodate the propagation of compressional waves through fluid motion. Under such 

conditions, conventional elements are generally sufficient for a sound representation of the 

material response, except for the case where the medium is nearly incompressible.  

Conversely, the fluid seepage plays an essential role in the dynamic response of semi-

pervious and pervious materials. Less constrained relative motion accounts for the presence of 

secondary, short wavelength, compressional waves, propagating through fluid phases. Because 

of their reduced wavelength, secondary compressional waves are very difficult (and indeed at 

times practically impossible) to model using conventional elements, as the well-known 

restriction of using at least six finite elements per wavelength excessively limits their leading 

dimension.  

The practical importance of such situations motivates the investment in the formulation, 

implementation and validation of hybrid-Trefftz finite elements and justifies the focus of this 

work on the response of semi-pervious and pervious porous media. Indeed, the research reported 

here shows that hybrid-Trefftz finite elements are essentially wavelength-independent, mainly 

due to the physical significance of their approximation functions, which satisfy locally all 

domain equations. For the same reason, infinite domains, incompressible media, awkward 

topologies and gross mesh distortions are also efficiently modelled by these elements.  

The formulation of the hybrid-Trefftz elements is based on their perception as a particular 

case of hybrid elements where the domain basis collects functions that satisfy locally the 

homogeneous Navier (or Beltrami) equation governing the problem. If the problem is non-

homogeneous, other approximation functions must be added to the basis to account for the 
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source terms. As in the case of all hybrid elements, hybrid-Trefftz elements are encoded into two 

dual models, namely the displacement model and the stress model, depending on whether the 

inter-element continuity is enforced in terms of boundary displacement or the boundary traction. 

The hybrid-Trefftz displacement (stress) model approximates the solid displacement and fluid 

seepage (stress and pore pressure) fields in the domain of the element, using bases that satisfy 

locally the domain compatibility (equilibrium) equation. The equilibrium (compatibility) 

equations are enforced on average using the functions in the displacement (stress) approximation 

basis as weighting functions. Independently of the basis adopted in the domain, the boundary 

tractions (displacements) are also approximated on the Dirichlet (Neumann) boundary of the 

element and used to enforce in a weak form the displacement (traction) continuity, thus 

generating weak kinematically (statically) admissible solutions, while the boundary traction 

(displacement) continuity is enforced explicitly. The option of building hierarchically both 

domain and boundary bases endorses the use of solvers with  -adaptive refinement capabilities, 

as the coefficients of the finite element systems corresponding to previous (weaker) levels of 

refinement must not be calculated anew. The option of not condensing the finite element systems 

on the boundary variables generates highly sparse and strongly localized coefficient matrices, 

supporting the use of parallel-processing routines for the construction of the system. 

After presenting their formulations, the displacement and stress models of the hybrid-Trefftz 

finite elements are thoroughly tested in order to assess their performance in terms of accuracy, 

convergence and robustness. A considerable number of tests is performed on problems with 

known analytic solution, in order to evaluate the ability of the models to accurately recover the 

exact solution under different loading conditions. The tests focus the stability of the finite 

element solution under wide wavelength variations, near-incompressibility conditions and gross 

mesh distortion, as such situations commonly occur in geo and biomechanical applications 

involving porous materials. More complex problems are solved to assess the quality of the 

solutions in terms of continuity, smoothness and enforcement of the boundary conditions. The 

results are validated using results for similar testing setups, performed using the finite element 

package          [4]. 
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1.2 State-of-the-art 

The work reported here is rooted in previous research efforts developed in two main directions: 

the development of hybrid-Trefftz finite elements (including their supporting mathematical 

theory), and the derivation of mathematical models to characterize the static and dynamic 

behaviours of biphasic and triphasic media. Some of the most relevant contributions to these 

topics are synthesized next.  

1.2.1 Hybrid –Trefftz finite element formulation 

The roots of the Trefftz method for solving boundary-value problems can be traced back to 1926, 

when Erich Trefftz challenged the Ritz method suggesting the use of  trial functions taken from 

the free-field solution of the governing differential equation and weighting them in a way that 

approximately satisfies the boundary conditions [5]. Originality and relevance of his contribution 

were questioned at the time, as it recovered a popular method to solve one-dimensional 

boundary-value problems. 

Present recognition is very much due to the work of J. Jirousek on the use of the concept in 

finite element modelling [6], to the contribution of I. Herrera on selection of basis functions [7], 

and to the popularity of the boundary element method. 

The seminal work of J. Jirousek enjoyed significant popularity and inspired various other 

contributions throughout the 1980s, both from his co-workers [8-10] and other authors e.g. [11, 

12]. The contributions of I. Herrera were instrumental for providing a sound mathematical basis 

to the method, including the formulation of a completeness criterion (TH-completeness), 

convergence conditions and variational principles [7, 13, 14]. In 1993, this theory was extended 

to non-symmetric differential operators [15], endorsing the use of discontinuous Trefftz 

functions 

During the 1990s, two distinct approaches to the Trefftz method were suggested by Y.K 

Cheung and J.A.T. Freitas. The former author adopted the classical boundary element method 

strategy to solve the boundary integral equation obtained through the weak enforcement of the 

governing equations, using Trefftz functions for weighting, e.g. [16, 17]. Conversely, the second 

approach is rooted in the finite element theory. Hybrid-Trefftz elements are regarded as a 
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particular case of hybrid elements, where the domain approximation functions satisfy a priori all 

the domain equations [2]. This perspective is used in this work. 

The major strength of the hybrid-Trefftz formulation is that the trial functions embody the 

physical features of the modelled phenomenon. A direct consequence of this trait is that all 

coefficients present in the solving system are reduced to boundary integral expressions, thus 

eliminating the restrictions posed on the topology of the conventional elements. This property, 

typical of the boundary element method, strengthens the finite element method at no additional 

cost, as the bases remain regular and the solving system sparse and Hermitian. Moreover, the 

physical meaningfulness of the trial functions enhances the convergence and stability of the 

hybrid-Trefftz elements as compared to the conventional elements.  

The favourable traits of the hybrid-Trefftz finite elements motivated, mainly in the last three 

decades, a steady increase of their range of application.  

The first application of the Trefftz concept to potential problems dates back to 1964 [18], 

followed, more than 20 years later, by the systematic work of Zielinski and Zienkiewicz [11], 

already including Herrera‟s HT-completeness criterion for constructing the approximation bases. 

More recent applications of Trefftz elements to potential problems are due to Shaw [19], Leitão 

[20] and,  in the context of heat conduction, Balakrishnan [21], Jirousek [22] and Qin [23]. 

A significant number of applications of the hybrid-Trefftz elements were reported for linear 

elasticity problems defined on homogeneous and isotropic media. One of the earliest applications 

to plane elasticity is due to Jirousek [6], in the context of the so called (at the time) Large 

Element Method. As the name indicates, the method presented excellent stability and 

convergence properties, and was therefore affordable to use supersized finite elements. A 

considerable research effort was dedicated by J.A.T. Freitas and his co-workers to the solution of 

elastostatic problems using hybrid-Trefftz elements. The formulation of the hybrid-Trefftz 

displacement model for elastostatics was reported in [24], while the theoretical frame for 

deriving the stress model in [25]. A comparative study of the alternative models, including their 

(complementary) formulation, implementation and numerical performance is presented in [26]. 

The displacement and stress models, which are conceptually similar to the so called „traction 

frame‟ and „displacement frame‟ Trefftz elements of J. Jirousek, were found to perform well 

numerically and offer similar convergence and robustness properties. Application of the same 
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elements to shape optimization and crack analysis problems were subsequently reported in [27]. 

Trefftz elements for plane poroelasticity problems were also reported by Jin [28]. Extensions of 

the hybrid-Trefftz formulations for plane elastostatics to three dimensions were reported by 

Freitas [29] and Piltner [30-32]. 

The application of hybrid-Trefftz elements to elastodynamic problems is dependent on the 

choice of a time integration method that preserves the hyperbolicity of the original problem in 

time, namely by transforming it into a series of elliptic problems involving space variables only. 

Because of this restriction, the integration in time has been typically performed using the 

Discrete Fourier Transform. Applications along these lines have been reported by Cismasiu and 

Freitas, in [33, 34]. A detailed study of the development and implementation of hybrid-Trefftz 

elements for plane elastodynamics can be found in [35]. The applications of the Trefftz concept 

to the elastodynamic response of fluids are still quite limited [36, 37]. Also limited are the 

reports on the development of hybrid-Trefftz elements for the modelling of piezoelectric 

materials [38, 39]. 

In the field of structural mechanics, a wide breadth of hybrid-Trefftz elements was reported 

for the modelling of plates. For Kirchhoff plates, the first authors to report such elements, in the 

late 1980s, were Jirousek and his co-authors [10, 40, 41]. Throughout the 1990s, they gradually 

extended their formulations to thick plates [42, 43]. Parallel contributions to the analysis of thick 

plates were reported by Piltner [32, 44, 45]. Still in the 1990s, hybrid-Trefftz elements for the 

buckling and post-buckling analysis of thin plates [46] and for thin [47] and thick [48] plates on 

elastic foundations were reported by Q.H. Qin. 

In the last five years, a series of articles reported on the extension of the hybrid-Trefftz 

formulations to elastostatic and elastodynamic problems defined on multi-phase porous media. 

The Trefftz elements for biphasic elastostatics reported in [49] follow the perspective of 

regarding hybrid-Trefftz models as special cases of the corresponding hybrid models, with the 

essential difference that the domain trial functions are free-field solutions of the homogeneous 

form of the governing equation. Hybrid-Trefftz elements for the elastodynamic analysis of Biot 

theory-compliant saturated soils were reported by Freitas and Moldovan in [50-53]. The first 

cited article reports on the solution of harmonic (spectral) problems. The other three articles 

address mainly non-periodic and transient problems. A novel time integration technique, first 
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reported in [54], was used instead of the conventional Discrete Fourier Transform for the time 

integration of the governing equations. It has the merit of generating time-discretized problems 

defined by spectral-like equations (the generalized frequency results complex), independently on 

the functions that are used in the time basis, thus endorsing the use of the same finite element 

formulation in space for harmonic, periodic and transient problems. The energy statements 

associated with the formulations were recovered and sufficient conditions for the uniqueness of 

the finite element solutions were stated. 

The extension of the hybrid-Trefftz displacement and stress models to unsaturated media 

with elastic behaviour was reported in [55] and [56], respectively. Both papers focus on higher-

permeability (semi-pervious and pervious) soils, due to the difficulties they pose to conventional 

elements. It is shown that the compressional waves travelling through the fluid phases are very 

difficult to model using conventional elements, due to their limiting-low wavelengths, especially 

for higher frequency excitations. Conversely, hybrid-Trefftz elements are virtually frequency-

independent and thus capable of correctly recover all travelling waves. 

The extension of the Trefftz concept to non-linear problems must be approached with 

caution. Indeed, its straightforward application would require the recomputation of the trial basis 

at every iteration, which is unfeasible for most applications. It is, however, possible to use hybrid 

elements built up with Trefftz-compliant trial functions. The formulation does not reduce, in 

general, to boundary integrals only, but the advantage of having physically meaningful trial 

functions is, nevertheless, preserved. Some examples of non-linear problems addressed using 

hybrid(-Trefftz) elements are reported in [12, 22, 57, 58], for heat transfer, plane and tri-

dimensional elastoplasticity, respectively. 

Unlike boundary elements, hybrid-Trefftz elements typically use the regular (rather than 

fundamental) solutions of the governing equations to construct the trial basis in the domain of the 

element. However, the Trefftz basis can be enriched with fundamental and other singular stress 

solutions to enhance its ability to handle local effects without mesh refinement. Indeed, stress 

concentrations around crack tips, holes or concentrated loads can be dealt with by enriching the 

approximation basis with optional functions that accurately represent the local solution in the 

vicinity of the singularity. Research on this topic is actually older than the formal establishment 

of the Trefftz finite element method itself, and pioneered by Tong [59] and Lin [60]. In their 
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work, „super elements‟ were used only in the vicinity of the stress concentration, the rest of the 

domain being covered by conventional elements. Local effects due to discontinuous and 

localized loads were modelled using hybrid-Trefftz elements by Venkatesh [61-63], while stress 

concentrations at crack tips and corners were analysed by Jirousek [9]. 

From the computational implementation perspective, efficient error estimators for hybrid-

Trefftz elements were proposed by Jirousek [8]. Also, special attention was paid to  -adaptivity, 

exploiting the hierarchical nature of the approximation bases [64] and to parallel processing, 

which is particularly effective when the finite element is implemented in explicit (un-condensed) 

form [65]. 

Reviews on the hybrid-Trefftz element formulations and their application can be found in 

[66-69]. 

1.2.2 Applications to biphasic problems 

A biphasic medium consists of a solid phase (the solid skeleton) fully permeated by a 

compressible liquid phase, generally obeying Darcy‟s law. The early research on porous media 

was due to the work of P. Fillunger and published a century ago [70]. Ten years later, in 1923, 

Terzaghi [71] developed a more intuitive theory for the mechanical behaviour of porous media, 

proposing a new way to model the interaction between the solid skeleton and the pore fluid. 

However, only the one-dimensional case was covered. These two contributions form the basis of 

all porous media theories used today. 

The work of P. Fillunger led to the Theory of Porous Media. It is based on the concept of 

immiscible superimposed continua and on the theory of mixtures [72, 73] and was later extended 

using the concept of volume fractions [74-77].  

In 1941, M.A. Biot published the first of a series of articles extending  Terzaghi‟s theory to 

account for the interaction between the solid skeleton and the viscous fluid [78] in the three-

dimensional case. Initially covering only the isotropic elastostatic case, the theory was later 

extended to anisotropic media [79] and elastodynamics  [80, 81]. The elastodynamic theory 

proved mathematically the existence of a secondary compressional wave propagating through the 

fluid phase. Quite elusive in laboratory measurements, this wave was confirmed experimentally 
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by Plona [82], more than two decades later. The Rayleigh waves predicted by the Biot‟s theory 

were determined, on a half-space medium, by Jones [83] and Deresiewicz [84].  

The similarity between the two alternative theories was proven by Bowen [74], who found 

that the Biot‟s theory is a special case of the Theory of Porous Media, with constant volume 

fractions. Two decades later, Schanz and Diebels [85] demonstrated that the wave forms are the 

same in the two theories. Moreover, they have proved numerically the perfect equivalence 

between the theories in the case of incompressible constituents. If the phases are compressible, 

however, the results are significantly different.  

Significant research effort has been dedicated in the last 30 years to the formulation and 

numerical solution of problems defined by the Biot‟s theory. Some initial studies (e.g. Bowen, 

1982) used the displacements in the solid matrix, the fluid seepage and the pore pressure as 

primary unknowns ( – –   formulation). Irreducible forms with only two primary unknowns 

were later obtained by Simon et al. [86] by either eliminating the seepage from the governing 

equations ( –   formulation), or the pore pressure ( –  formulation). From the  –  

formulation, a solid displacement-fluid displacement ( – ) formulation can be derived. Using 

the  –  approach, Kim et al. [87] derived an analytical closed-form solution for the propagation 

velocities of both compressional waves for a one-dimensional saturated porous medium 

subjected to harmonic excitations, thus allowing for the computation of the damping coefficients 

of various geologic materials. Still employing the  –  formulation, Halpern and Christiano [88] 

assessed the response of axisymmetric porous media subjected to harmonic point loads. For 

plane strain problems, Degrande [61] used spectral finite elements to evaluate the influence of 

the hydraulic conductivity and the excitation frequency on the response of biphasic media. For 

infinite media, Akiyoshi et al. [89] derived a set of absorbing boundary conditions, valid for both 

 –  and  –  formulations, and used it to solve plane-strain problems involving transient loads. 

An infinite element was later derived by Khalili et al. [90] and applied to the modelling of wave 

propagation through a saturated porous medium semi-infinite column. 

Finite element models based on Biot‟s formulation are also discussed in the review of 

Zienkiewicz and Shiomi [91]. 
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1.2.3 Applications to triphasic problems 

The analysis of elastic wave propagation through triphasic media is an important issue in fields 

like Geomechanics (e.g. unsaturated soils), Biomechanics (e.g. the bone tissue) and Ecology (e.g. 

pollutant transport). Triphasic media are assemblages of solid particles that form a porous solid 

skeleton, with the pores filled with two immiscible fluids, namely a liquid (typically water) and a 

gas (or non-wetting fluid, typically air). The dynamic response of triphasic media may be 

significantly influenced by the microscopic interaction at the interfaces between the solid, liquid 

and gas phases. In such cases, traditional theories, treating the medium as a single-phase 

material, are insufficiently accurate, and models that rigorously take into account the effects of 

these inter-actions must be adopted. 

As shown in the previous section, the Biot‟s theory [80]  is frequently used as a mathematical 

model for the wave propagation in biphasic (saturated) media. Biot‟s theory is relatively simple, 

well understood and thoroughly confirmed by experiments. Due to these merits, various attempts 

were made to reduce the triphasic problem to a biphasic problem, under certain sets of 

conditions. For nearly saturated media, an equivalent biphasic model was proposed, with the 

compressibility of the fluid phase increased to account for the presence of air bubbles by 

Smeulders [92]. A heuristic relation between the equivalent compressibility of the liquid and the 

saturation was established. An equivalent biphasic theory valid for a wider saturation range was 

derived by Berryman [93], and  by extending a model initially suggested by Brutsaert [94]. The 

theory assumes that pore pressure variations are equal in both fluids, so that the capillary 

pressure may be considered constant.     

Biot‟s theory, however, does not rigorously take into account the microscopic interactions 

between the various phases of the unsaturated medium, which may play an important role in its 

macroscopic behaviour. To overcome this limitation, two classes of approaches were suggested, 

namely the theory of mixtures and the averaging theory. The theory of mixtures applies the 

classical equations of continuum mechanics at the macroscopic level and uses the concept of 

volume fractions to account for the motion of individual phases. Volume fractions are treated as 

internal variables and additional equations (closure equations) are formulated to account for their 

variation in [95]. The models based on the theory of mixtures were improved to include the 

effects of the drag and capillary forces on the interfaces between the various phases in [96] and 
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[97]. The alternative averaging theory applies the classical equations of continuum mechanics at 

the microscopic level and uses averaging operators to model the macroscopic behaviour. This 

approach is rooted in the work of Hassanizadeh and Gray [98-100]. Averaged quantities include 

the densities of the three phases, the stress tensor and the seepage velocities of the fluid phases 

[101]. Under dynamic loading, all triphasic models predict the existence of three compressional 

waves and a single shear wave.  

Comprehensive reviews of the literature available on the mathematical models for 

unsaturated soils are due to de Boer [102, 103] and Sheng [104, 105] .  

Approximate solutions of problems defined by the mathematical models presented above are 

typically found using the finite element method and indeed many finite elements have been 

reported in the recent years for the analysis of unsaturated media. However, the physical 

complexity of the dynamic response of such media leads to modeling difficulties, which are 

typically avoided by adopting various simplifying assumptions. Some of the most widely used 

simplifying hypotheses involve assuming that the solid skeleton is totally rigid [106] (only 

models adequately free flow problems), neglecting the motion of the gas phase [107] (is only 

capable of recovering two compressional waves) or neglecting the velocities and accelerations of 

all phases [101] (fails to model the propagation of waves). Arguably the most common 

simplifying assumption present in finite element models involves neglecting the seepage 

acceleration [108]. This option endorses the use of fluid pressures, rather than fluid 

displacements, as primary variables, leading to the so-called   –   –    formulation. The finite 

element models based on this approach yield correct solutions for low permeability media, where 

the compressional waves travelling through the fluid phases are highly attenuated, but may 

significantly diverge from the correct solution in the case of pervious materials.  

1.3 Overview 

This work is organized in five chapters, following a general-to-specific logic.  

Following this introductory chapter, the general description of elastostatic and elastodynamic 

problems defined on multi-phase porous media is presented in Chapter 2. The basic hypotheses 

of the mathematical model and the differential equations governing the response of a multi-phase 

medium subjected to static or dynamic excitations are recalled. The definition of the problem is 
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complemented with the static and kinematic boundary conditions and with the definition of the 

initial conditions. The solution techniques used to solve these problems are presented. To 

perform the time integration of time-dependent problems, two methods are used, namely the 

Discrete Fourier Transform (used for periodic problems) and a Galerkin weighted residual 

approach (used for non-periodic and transient problems). For the integration in space of static 

and time-discretized problems, hybrid-Trefftz finite elements are formulated. As mentioned 

above, they are encoded in two dual models, labelled displacement and stress models. For both 

models, however, the domain basis is constructed using functions that satisfy locally the 

homogeneous form of the governing equation. If the problem is non-homogeneous, a particular 

solution must be added to the Trefftz basis to account for the presence of the source terms. A 

general method for the construction of approximate particular solutions when no analytic 

particular solution is available is also presented in Chapter 2. 

Chapter 3 reports on the application of the general framework given in Chapter 2 to the 

modelling of static and dynamic problems defined on biphasic (saturated) media. This study is 

extended in Chapter 4 to triphasic (unsaturated) media. The free-field general solutions of the 

governing equations are obtained and their main physical properties thoroughly discussed for 

each application. Special attention is given to the implementation of the hybrid-Trefftz elements. 

The kinematic and static indeterminacies of the displacement and stress models are discussed 

and a post-processing procedure to obtain the rigid-body displacements (which cannot be 

recovered by the stress model since they do not induce stresses to the medium) is presented. One 

of the central objectives of this work is the assessment of the convergence and robustness 

properties of the hybrid-Trefftz elements when dealing with problems that hinder the behaviour 

of conventional finite elements. For all elements, the convergence under  - and  -refinement is 

assessed and quantified using average convergence rates. The sensitivity of the elements to gross 

mesh distortions, near-incompressibility of the constituents and the wavelength of the 

propagating wave is evaluated. Finally, the results obtained using hybrid-Trefftz elements on 

rather complex physical problems are validated against the solutions predicted by the 

commercial finite element software         . 

Chapter 5 presents the general conclusions of this work and identifies valid research lines to 

be pursued in the future. 
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Chapter 2  

Hybrid-Trefftz elements for elastostatic and elastodynamic 

problems  

The main objective of this chapter is to present the general description of the physical problems 

addressed in this work and their numerical solution using hybrid-Trefftz finite elements. The 

presentation is kept as general as possible, in order to set a coherent framework for all 

subsequent developments 

The general description of static and dynamic problems defined on biphasic and triphasic 

media is given in Section 2.1. The governing equations are presented and the involved quantities 

defined. The boundary and, in the case of dynamic problems, the initial conditions complete the 

definition of the problem. 

The remaining sections of this chapter introduce the solution method for the problems 

defined in Section 2.1. The approach used here follows the methodology previously reported by 

Freitas and his co-workers [50, 55, 56, 109-111]. It consists in regarding the hybrid-Trefftz finite 

element as a particular case of the hybrid finite elements, where the domain approximation basis 

is restricted to functions that satisfy locally the homogeneous differential equation governing the 

problem. These functions are typically derived by constructing either Navier or Beltrami 

equations and by subsequently solving them using the displacement and stress potential 

functions, respectively. 

The Navier approach is used in this work. The hybrid-Trefftz solution of static problems is 

presented in Section 2.2. The alternative hybrid-Trefftz displacement and stress models are built 

on the approximations of the displacement and stress fields, respectively, in the domain of the 

elements, and of the traction and displacement fields, respectively, on the essential boundary of 

the elements. In the case of the displacement element, the domain approximation is 

complemented by stress-free displacement modes, which recover the rigid body displacement of 

the solid phase and the free flow of the fluid phase. Such displacements can only be recovered in 

the post-processing phase when the stress model is used. 
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The solution strategy adopted for dynamic problems defined on multi-phase media is 

presented in Sections 2.3 and 2.4. The time integration of the governing equations is performed 

first (Section 2.3), using the well-known Discrete Fourier Transform for periodic problems and 

the weighted-residual approach presented in [54] for non-periodic and transient problems. The 

hyperbolic problem in time is reduced to a series of elliptic problems in space, which are 

subsequently solved using hybrid-Trefftz finite elements (Section 2.4). For non-periodic 

problems, the time-discretized equations are non-homogeneous, due to the presence of initial 

condition dependent terms. In this case, the Trefftz- basis fails to recover the influence of the 

non-homogeneous terms and particular solution functions must be added to the basis to account 

for their effect. 

A method for generating approximate particular solutions for the non-homogeneous 

problems obtained after the time discretization of transient problems is presented in Section 2.5. 

The method constructs the particular solution using functions that satisfy locally the 

homogeneous form of the corresponding static problem (i.e. the problem obtained after 

discarding both non-homogeneous and time derivative terms from the governing equation). The 

approach can be used with both displacement and stress models, generating solutions that satisfy 

locally the domain compatibility and equilibrium equations, respectively. The general and the 

particular solution functions are treated as two parts of the same basis and combined to satisfy 

weakly domain equilibrium (displacement model) or compatibility (stress model) and the 

essential boundary conditions. 

2.1 Definition of elastostatic and elastodynamic problems 

A geometrically and physically linear formulation of elastostatic and elastodynamic problems is 

presented here. The equations defined below are general in the sense that they are valid (with 

distinct definitions of the terms involved) for single-phase, biphasic and triphasic media, under 

both static and dynamic loading conditions. Periodic, non-periodic and transient excitations are 

also accommodated by the model. 

2.1.1 Domain and boundaries 

Consider the medium   represented in Figure 2.1, consisting, in the most general case, of a 

matrix of solid particles in contact with each other (the solid skeleton), with the pores filled with 
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a wetting fluid (e.g. water) and a non-wetting fluid (e.g. air). If the non-wetting fluid is absent, 

the medium is saturated (biphasic). The problem description given next is adaptable to solid 

(single-phase) media removing the equations and variables related to the fluid phase. For such 

situation, hybrid-Trefftz elements are reported in [49]. 

 
Figure 2.1: Domain, Neumann, and Dirichlet boundaries 

The boundary   of the medium is formed by the complementary Dirichlet      and Neumann 

     parts (    ⋃   and      ⋂  ), where the displacements of each phase, the tractions 

in the solid phase and the pore pressures in the fluid phases are prescribed. 

2.1.2 Governing equations 

Assuming an infinitesimal cut of the domain  , the domain equilibrium and compatibility 

equations are written as, 

                                      (2.1) 

                              (2.2) 

The divergence and gradient operators   and    are adjoint in geometrically linear 

problems. The independent components of the total stress and pore pressure fields, and of the 

strain and fluid content fields are collected in vectors          and         . Vector          

collects the displacements in all phases and          is the body force vector. Symbol          

denotes a generic right hand side term. It is null in elastostatic problems and combines velocity 

and acceleration effects in elastodynamic problems. As its explicit expression depends on the 
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specific problem to be solved, its definition is presented for each situation in the respective 

section. 

The constitutive relations are written in the alternative stiffness and flexibility forms, 

                             (2.3) 

                             (2.4) 

where matrices   and   define the material properties. 

In the Neumann boundary conditions, 

                               (2.5) 

vector    collects the applied tractions and pore pressures and the components of the unit 

outward normal to the boundary are organized in matrix  .  

On the Dirichlet boundary, the domain displacements   must be compatible with the 

imposed displacements collected in vector   : 

                              (2.6) 

The initial displacements and velocities of the dynamic system are known a priori and their 

components collected in vectors         and        , respectively: 

                  (2.7) 

                  (2.8) 

The references in equations (2.1) to (2.5) are detailed in the appendices. 

2.1.3 Interior boundary conditions 

Assume that the domain   represented in Figure 2.1 is discretized into finite elements and let the 

domain of a generic element be denoted by    and its boundary by   . Boundary    is formed, 

in general, by the complementary Neumann    
   and Dirichlet    

   parts, where equations (2.5) 

and (2.6) are prescribed, respectively, and the interior    
   part, where the boundary equilibrium 

and compatibility conditions (2.9) and (2.10) must be satisfied, 

                                 
  (2.9) 

                               
  (2.10) 
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where   and   denote the two finite elements that share the interior boundary    
  (Figure 2.2). 

 
Figure 2.2: Finite elements, Neumann, and Dirichlet boundaries 

In what regards geometry and shape, hybrid-Trefftz elements bear no restrictions on the 

number of edges and nodes because the domain approximations are strictly hierarchical. Also, 

due to their high robustness to gross mesh distortion [112], they are not bounded by the 

regularity restrictions typical of conventional elements. 

2.2 Hybrid-Trefftz elements for elastostatic problems 

The elastostatic problem is obtained by setting to zero the right hand side term of equation (2.1), 

to yield, 

                 (2.11) 

Domain equations (2.2) and (2.3) and boundary equations (2.5) and (2.6) are valid for 

elastostatic problems, but the respective fields are time-independent. 

The formulations of the displacement and stress models of hybrid-Trefftz finite elements are 

presented next. The displacement model is constructed on the direct approximation of the 

domain displacement fields in all phases, using functions that satisfy locally the Navier equation,  

                    (2.12) 

obtained by merging the domain equations (2.2), (2.3) and (2.12). Consequently, the solutions of 

the hybrid-Trefftz displacement model locally satisfy the equilibrium, compatibility and 

elasticity conditions in the domain of the element. 
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The same applies to the stress model, the difference being that it is the stress field that is directly 

approximated, as shown below.  

Beside the domain approximations, independent approximations of the traction/pore pressure 

and displacement fields are constructed on the essential boundaries of the displacement and 

stress elements, respectively. Unlike domain bases, boundary bases are not constrained to satisfy 

other conditions, except for completeness and linear independence.  

2.2.1 Hybrid-Trefftz displacement element 

 Approximation bases 

The homogeneous form of the Navier equation (2.12) admits two types of free-field 

solutions: strain-generating solutions and rigid-body modes. Let subsets of these classes of 

solutions be collected in bases    and   , respectively. The bases are constructed hierarchically, 

may contain arbitrary numbers of functions, and are used to approximate the displacement field 

in the domain of the element as: 

                        
  (2.13) 

In equation (2.13), vectors    and    collect the generalized displacements corresponding to 

the functions listed in the displacement bases     and   , while vector    contains particular 

solution terms satisfying the non-homogeneous form of equation (2.12). Their main purpose is to 

model the effect of the body force  . If local effects (e.g. stress concentrations) are expected, 

however, vector    may include as well enrichment functions to enhance the ability of the 

element to model singular fields, as reported in [112].  

The approximation of the strain/fluid content fields in the domain of the element is now 

obtained from definition (2.13) by locally enforcing the domain compatibility equation (2.2), 

                   
  (2.14) 

The rigid body modes, causing no strain, do not contribute to approximation (2.14). 

The stress/pore pressure approximation (2.15) is obtained from definition (2.14) by enforcing 

locally the elasticity equation (2.3), 

                   
  (2.15) 
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The approximation functions present in equations (2.13), (2.14) and (2.15) must satisfy the 

Trefftz constraints listed in Table 1. 

Equilibrium equations Compatibility equations Elasticity equations 

      

        

       

       

                       

Table 1: Trefftz constraints for static problems 

The traction (Cauchy stress) field is independently approximated on the Dirichlet and interior 

boundaries of the element (extended Dirichlet boundary,  ̅ 
    

 ⋃  
 ) as: 

               ̅ 
  (2.16) 

The boundary traction approximation basis   is constructed hierarchically. It must observe 

no other constraints apart from linear independence and completeness. 

 Domain statement 

The domain equation of the hybrid-Trefftz displacement element is derived enforcing on 

average the equilibrium equation (2.11), using the approximation functions collected in basis 

(2.13), for weighting, 

 ∫  
             (2.17) 

where   
  denotes the transpose conjugate of matrix    and   {    } . 

Integrating by parts the first term in the left hand side of equation (2.17) and explicitly 

enforcing the natural boundary condition (2.5) on the Neumann boundary of the element yields: 

∫  
           ∫  

      
  ∫  

    ̅ 
   ∫(    )

 
     ∫  

      (2.18) 

Enforcing approximations (2.13) and (2.15) into equations (2.18), and using properties given 

in Table 1 yields the following equations: 

              
     

  (2.19) 

         
     

  (2.20) 
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In equations (2.19) and (2.20), the following definitions hold: 

     ∫  
        

  (2.21) 

    ∫  
    ̅ 

  (2.22) 

    

  ∫  
      

  (2.23) 

    

    
    

  ∫  
        

  (2.24) 

   
  ∫  

       (2.25) 

   
  ∫(    )

 
      (2.26) 

 Boundary statement 

The boundary statement of the hybrid-Trefftz displacement element is obtained enforcing on 

average essential conditions (2.6) and (2.10) on the extended Dirichlet boundary of the element, 

using the functions collected in basis   for weighting. 

On the exterior Dirichlet boundary of the element, this procedure yields, 

 ∫           
    (2.27) 

Inserting approximation (2.13) into the above expression and using definition (2.22), the 

following boundary equation is obtained, 

  ∑ (  
   )    

    
  (2.28) 

where: 

   
  ∫       

  (2.29) 

   
  ∫       

  (2.30) 

On the interior boundary shared by elements   and   , compatibility condition (2.10) is 

enforced weakly as, 

 ∫  (     )    
    (2.31) 

Insertion of definitions (2.22) and (2.30) into the above equation leads to the inter-element 

compatibility equation: 

  ∑ [(  
 )

 
  

 ]  ∑ [(  
 )

 
  

 ]     
       

    (2.32) 
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 Solving system 

The governing system of the displacement element is constructed merging together the 

domain and boundary statements (2.19) and (2.28) (or (2.32) for interior boundaries), to yield: 

 [

       

     

   
    

  
] [

  

  

 
]  *

   
     

 

   
     

 

  
    

 

+ (2.33) 

System (2.33) is Hermitian, as the stiffness matrix     is Hermitian, and sparse, if not 

condensed on the boundary variables   (which is the option used here). Under the same 

assumption, system (2.33) is also strongly localized, and thus well suited to parallel processing. 

Indeed, the generalized displacement vector    is strictly element dependent, while the 

generalized traction vector   can be shared by at most two connecting elements. Moreover, as 

the domain and boundary bases are strictly hierarchical and no summation of coefficients is 

required in the assemblage process, system (2.33) is also well suited to adaptive refinement. 

2.2.2 Hybrid-Trefftz stress element  

 Approximation bases 

The stress model is derived by directly approximating the stress/pore pressure field in the 

domain of the element as: 

                   
  (2.34) 

In the above definition, basis    is a subset of the general solutions of the equilibrium 

equation (2.11), vector    collects the respective weights, and vector    collects particular 

solutions to equilibrate the body forces. However, enrichment functions may also be added to the 

basis, as for the displacement element, provided they are self-equilibrated. 

The domain strain/fluid content and displacement bases are obtained from the stress basis 

(2.34) enforcing the elasticity and compatibility conditions (2.4) and (2.2): 

                   
  (2.35) 

                   
  (2.36) 

As they are constrained to satisfy the same domain equations, the functions collected in the 

domain bases are the same for both models. Therefore, they must satisfy the Trefftz constraints 
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listed in Table 1. However, stress model does not include rigid body modes, as they generate no 

stresses. 

The displacement field is independently approximated on the Neumann and interior 

boundaries of the element (extended Neumann boundary,  ̅ 
    

 ⋃  
 ) as: 

                    ̅ 
  (2.37) 

Except for completeness and linear independence, no restrictions are enforced on the 

functions collected in the (hierarchical) boundary basis   . 

 Domain statement 

The domain equation of the hybrid-Trefftz stress element is derived by enforcing on average 

the compatibility (2.2) and elasticity (2.4) conditions, using the functions collected in basis 

(2.34) for weighting: 

 ∫  
               (2.38) 

Integrating by parts the second term of equation (2.38) allows the explicit enforcement of the 

Dirichlet boundary condition (2.6) and the insertion of the displacement approximation (2.37) on 

the extended Neumann boundary: 

∫  
       ∫  

          ∫     
      

  ∫     
    ̅ 

   ∫     
      (2.39) 

Inserting approximations (2.34) and (2.36) into equation (2.39), and using properties given in 

Table 1, equation (2.39) is written as, 

             
    

  (2.40) 

where: 

     ∫     
     

  (2.41) 

    ∫     
    ̅ 

  (2.42) 

   
  ∫     

      
  (2.43) 

   
  ∫  

        ∫     
       ∫     

     
  (2.44) 

 Boundary statement 
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To obtain the boundary statement of the hybrid-Trefftz stress element, essential conditions 

(2.5) and (2.9) are enforced on the extended Neumann boundary, using the functions collected in 

basis   for weighting. On the exterior Neumann boundary this yields: 

 ∫            
    (2.45) 

Using definitions (2.34) and (2.42), equation (2.45) becomes, 

    
      

    
  (2.46) 

where: 

   
  ∫       

  (2.47) 

   
  ∫        

  (2.48) 

On the interior boundary shared by elements   and   , equilibrium condition (2.9) is enforced 

weakly as: 

 ∫  (     )    
    (2.49) 

Using definitions (2.42) and (2.48) leads to the inter-element equilibrium equation: 

  (  
 )

 
  

     
     

     
       

    (2.50) 

 Solving system 

The governing system of the hybrid-Trefftz stress element is obtained by combining the 

domain and boundary statements (2.40) and (2.46) (or (2.50) for interior boundaries), to yield: 

 [
  

   
 

   

 
] [

  

 
]  [

  
    

 

  
    

 ] (2.51) 

System (2.51) shares the same algebraic properties as system (2.33) of the hybrid-Trefftz 

displacement element.  

It should be noted that the stress model in unable to estimate the rigid-body and free-flow 

displacements, as they do not cause stress in the domain of the element. The rigid-body/free-flow 

displacements are recovered in the post-processing phase, as discussed in Section 3.1.8 for 

biphasic media and Section 4.1.7 for triphasic media. 
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2.3 Integration in time of elastodynamic problems  

The equilibrium equation of the elastodynamic problem is recovered by setting the right hand 

side term of equation (2.1) to, 

       ̇     ̈ (2.52) 

where    and    are the (local, symmetric) density and structural damping matrices. They are 

defined in Appendix A for triphasic media and Appendix D for biphasic media.  

Under definition (2.52), the equilibrium equation is: 

         ̇     ̈          (2.53) 

Domain equations (2.2) to (2.4), boundary and initial conditions (2.5) to (2.8) complete the 

description of the dynamic problem. As shown for static problems, the domain equations can be 

merged into the Navier equation, which now takes the following form: 

            ̇     ̈          (2.54) 

In order to support the application of hybrid-Trefftz elements, the integration in time of the 

governing equations is performed first. Regardless of the time-integration method, the hyperbolic 

problem (2.54) is reduced to a series of elliptic equations in space, which are subsequently 

solved using hybrid-Trefftz finite elements. 

A wide range of techniques are available for the time discretization of the dynamic problem. 

Essentially, these include finite difference based direct  techniques (e.g. the Euler, Runge-Kutta 

and Newmark classes of methods), transform-based techniques (e.g. Fourier and Laplace 

transforms), weighted-residual approaches (e.g. [54]) and finite element approximations 

simultaneously in space and time. For an integrated perspective over a significant number of 

time integration techniques, the reader is referred to the work of Tamma (e.g. [113, 114]). 

In this work, the Discrete Fourier Transform (DFT) [115, 116] is used for the time 

discretization of periodic problems. For non-periodic and transient problems , where the initial 

condition are relevant, the weighted-residual approach presented in [54] is used. The method has 

the merit of generating time-discretized problems defined by spectral-like (elliptic) equations, 

independently of the functions that are used in the time basis, thus endorsing the use of the same 

finite element formulation for periodic and transient problems. The method is unconditionally 

stable and, depending on the adopted time basis, can be applied with  large time steps [51].  
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Both DFT and weighted-residual methods are based on separation of variables in time and 

space. Letting          represent a generic field, this is written as, 

          ∑              
 
             (2.55) 

The difference between the DFT and weighted residual methods is in the functions selected 

for the time basis and in the way that the governing equations are enforced over the time of the 

analysis. 

2.3.1 Time integration of periodic problems 

Periodic problems are typically solved using DFT, especially when the applied excitation is 

smooth enough to be well approximated by trigonometric functions. The DFT is equivalent to 

defining the time basis present in equation (2.55) as       
 

 
  ̂   , where   is the period of 

the problem,         is the     spectral frequency and    
  

 
. With this, the 

approximations of the domain displacement, strain and stress fields are expressed as: 

          
 

 
∑        

 
     ̂    (2.56) 

          
 

 
∑        

 
     ̂    (2.57) 

          
 

 
∑        

 
     ̂    (2.58) 

Substitution of the above definitions into the equilibrium equation (2.53) yields a series of   

equations of type, 

             
                 (2.59) 

where       
 ̂

  
  ,  ̂ is imaginary unit, and    is the     spectral component of the body 

force: 

    ∫  
   

    
   ̂       (2.60) 

          
 

 
∑        

 
     ̂    (2.61) 

Substitution of approximations (2.56) to (2.58) into the compatibility and elasticity equations 

(2.2), (2.3) and (2.4) yields: 
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                  (2.62) 

                 (2.63) 

                  (2.64) 

On the boundary of the medium, the applied forces and displacements are expanded using the 

DFT, 

     ∫   
   

    
   ̂      (2.65) 

           
 

 
∑         

 
     ̂              (2.66) 

     ∫   
   

    
   ̂      (2.67) 

           
 

 
∑         

 
     ̂              (2.68) 

and the boundary conditions (2.5), (2.6), (2.9) and (2.10) acquire their spectral forms (2.69) to 

(2.72), 

                   (2.69) 

                  (2.70) 

   
     

             
  (2.71) 

   
     

           
  (2.72) 

2.3.2 Time integration of transient problems 

The procedure given in [54] is applied here for time integration of transient problems. Any 

complete, linear independent and differentiable basis of functions can be used as time basis in 

equation (2.55). The total duration of the problem is split into time steps of size    . The 

governing equations are enforced using a weighted residual approach in each time step.  

According to the Galerkin method, the functions contained in the time basis are used as test 

functions in the weak enforcement of the governing equations. This procedure is applied first to 

the velocity and acceleration definitions, on the current time interval    , 

 ∫  ̂     ̇   
  

 
   (2.73) 
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 ∫  ̂     ̇   
  

 
   (2.74) 

where  ̂  represents the complex conjugate of generic function  ̂    . 

It is convenient to define the square matrices   and  , with the generic terms given by: 

     
 

  
∫  ̂     

  

 
 (2.75) 

      ̂            ∫  ̂̇     
  

 
 (2.76) 

Equations (2.73) and (2.74) can be uncoupled if the time basis is constructed such that 

matrices    and    are related through a diagonal matrix of constants [54], 

      (2.77) 

to yield the following velocity and acceleration estimates, 

               
              {   } (2.78) 

               
  (2.79) 

where    is the     diagonal term of matrix   and: 

    ∑  ̅   ̂     
    (2.80) 

In equation (2.80)  ̅   denotes the general term of the inverse of matrix  . Note that 

condition (2.77) should not be seen as a limitation of the method. Following the procedure 

detailed in [54], this condition can be secured for any type of functions collected in the time basis 

(e.g. polynomial, trigonometric or wavelet functions). 

Following the same strategy, the weak enforcement of equations (2.53), (2.2) to (2.6), (2.9)

and (2.10) using the time basis       for testing, and the enforcement of results (2.78) and 

(2.79) in the resulting expressions, yield a series of   uncoupled problems in space variables 

only, 

       
        

           (2.81) 

                  (2.82) 

                 (2.83) 

                  (2.84) 
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                   (2.85) 

                  (2.86) 

   
     

             
  (2.87) 

   
     

           
  (2.88) 

where the generalized frequency    is defined as,  

      ̂
  

  
 (2.89) 

and is generally complex. 

The non-homogeneous term present in the equilibrium equation (2.81) is defined as, 

   
   

  

  
  ̂     

     
      (2.90) 

and includes the influence of initial conditions and the body force: 

     
 

  
∑  ̅  ∫  ̂    

  

 
 
    (2.91) 

Finally, the kinematic and static boundary conditions are given by: 

      
 

  
∑  ̅  ∫  ̂     

  

 
 
    (2.92) 

      
 

  
∑  ̅  ∫  ̂     

  

 
 
    (2.93) 

Note that the index   associated to each of the spectral problem will be dropped from this point 

forward, for simplicity. 

2.4 Integration in space of elastodynamic problems 

Both Fourier and weighted-residual time integration methods yield the same type of elliptic time 

discretized equations. This justifies the use of the same hybrid-Trefftz elements for the 

integration in space, regardless of the periodicity of the problem and of the time integration 

method adopted for its solution. The only difference between the time-discretized equations 

yielded by the two approaches is the source (non-homogeneous) term of the equilibrium 

equation, which includes, in general, the influence of the initial conditions in the weighted-

residual approach, as opposed to the DFT. 
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When body forces, thermal gradients or initial conditions are present in the governing 

equations, Trefftz-compliant bases may fail to recover the solution of the resulting non-

homogeneous problem. This is certainly the case of problems with non-trivial initial solutions. 

Moreover, particular solutions of the non-homogeneous problem are not available, domain 

integral terms emerge in the solving system. In such situations, weak particular solution 

functions can be added to the Trefftz basis to model the effect of the source terms. 

The best approach is to choose strong particular solutions, that is, local solutions of the non-

homogeneous form of the governing equation. When this is possible, the problem is reduced to 

the boundary of the domain and all advantages of the Trefftz method are preserved. Such 

particular solutions were reported, for instance, in [23] for elastostatic beams subjected to own 

weight and for  hollow cylinders subjected to axisymmetric temperature field with logarithmic 

variation. When more complex source functions are considered, however, it is generally not 

possible to find strong particular solutions, and approximate (weak) solutions must be used 

instead. 

The displacement and stress model of the hybrid-Trefftz element are described below, 

assuming that the particular solution is known. The issue of numerically evaluating the particular 

solution of the time-discretized problem is addressed in Section 2.5. 

2.4.1 Hybrid-Trefftz displacement element  

 Approximation bases 

Let the displacement of the various constituents of the medium be approximated in the 

domain of the element using functions that satisfy locally the homogeneous form of the 

governing equations (2.81) to (2.84), collected in basis   : 

                      
  (2.94) 

In equation (2.94), vector     collects the generalized displacements corresponding to the 

functions listed in the displacement basis, while the particular solution vector    models the 

effect of the non-homogeneous term   .  

The approximation of the generalized strain field in the domain of the element is obtained 

from definition (2.94) by locally enforcing the domain compatibility equation (2.82): 
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  (2.95) 

The dependent stress approximation (2.96) is obtained from definition (2.95) by enforcing 

locally the elasticity equations (2.83): 

                    
  (2.96) 

The approximation functions present in expressions (2.94), (2.95) and (2.96) must satisfy the 

Trefftz constraints listed in Table 2. It should be noted that approximations in equations (2.94) 

and (2.96) do not satisfy, in general, the equilibrium equation (2.81), which is enforced below, in 

a weak form. 

Equilibrium equations Compatibility equations Elasticity equations 

            

               

               

Table 2: Trefftz constraints of displacement model for dynamic problems 

The traction field is independently approximated on the Dirichlet and interior boundaries of 

the element (  ̅ 
    

 ⋃  
 ) as: 

               ̅ 
  (2.97) 

Except for completeness and linear independence, no restrictions are enforced on the 

functions collected in the (hierarchical) boundary basis   . In particular, the traction 

approximation (2.97) is not derived from the traction field produced by approximation (2.96), 

although the two should be consistent upon convergence. Generalized traction vector   collects 

the weights associated to each of the shape functions present in basis   and have no particular 

physical significance. 

 Domain statement 

The domain statement of the hybrid-Trefftz displacement element is obtained by enforcing 

weakly the equilibrium equation (2.81), using the displacement basis (2.94) for weighting: 

 ∫  
                   (2.98) 
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The integration by parts of the first term of equation (2.98) forces the emergence of the 

boundary terms, in which the boundary equilibrium equation (2.85) and the Dirichlet boundary 

approximation (2.97) are enforced: 

 ∫  
       ∫  

      
  ∫  

    ̅ 
   ∫      

      (2.99)  

Enforcing approximations (2.94) and (2.96) in equations (2.98) and (2.99), respectively, and 

using properties given in Table 2, the equation (2.98) is be written as, 

             
    

  (2.100) 

where: 

     ∫  
        

  (2.101) 

    ∫  
    ̅ 

  (2.102) 

   
  ∫  

      
  (2.103) 

   
             (2.104) 

    ∫  
       (2.105) 

    ∫      
       (2.106) 

    ∫  
        (2.107) 

The non-homogeneous term    present in the equilibrium equation (2.81) causes the 

emergence of domain integrals in the right hand side of equation (2.100). If analytic solutions of 

the non-homogeneous problems exist, 

              (2.108) 

definition (2.104) is reduced to the boundary integral: 

   
  ∫  

        
  (2.109) 

 Boundary statement 

The boundary statement of the hybrid-Trefftz displacement element is obtained enforcing on 

average essential conditions (2.86) and (2.88) on the extended Dirichlet boundary of the element, 

using the functions collected in basis   for weighting. 

On the exterior Dirichlet boundary of the element, this procedure yields: 
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 ∫           
    (2.110) 

Inserting approximation (2.94) into the above expression and using definition (2.102), the 

following boundary equation is recovered, 

    
       

    
  (2.111) 

where: 

   
  ∫       

  (2.112) 

   
  ∫       

  (2.113) 

On the interior boundary shared by elements   and   , compatibility condition (2.88) is 

enforced weakly as: 

 ∫  (     )    
    (2.114) 

Insertion of definition (2.102) into the above equation leads to the inter-element compatibility 

equation: 

  (  
 )

 
  

  (  
 )

 
  

     
       

    (2.115) 

 Solving system 

The solving system (2.116) of the hybrid-Trefftz displacement element is obtained by 

collecting the domain equation (2.100) and boundary statement (2.111), for exterior Dirichlet 

boundaries, or (2.115), for interior boundaries: 

 [
   

   
 

   

 
] *

  

 
+  [

  
    

 

   
    

 ] (2.116) 

System (2.116) is highly sparse (typically, more than     of its coefficients are null) and 

strongly localized, if not condensed on the boundary variables. Consequently, the system can be 

handled using efficient procedures especially designed for sparse systems. As shown in Section 

2.2.1, the hybrid-Trefftz displacement element is well suited to adaptive  -refinement and 

parallel processing procedures. 

2.4.2 Hybrid-Trefftz stress element  

 Approximation bases 
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The stress model is constructed on the direct approximation of the stress/pore pressure fields 

in the domain of the element using the general and particular solutions of the equilibrium 

equation (2.81) as shape function: 

                   
  (2.117) 

In the above definition, vector    collects the generalized stresses associated with the 

functions listed in the stress basis. Vector    collects particular solutions to equilibrate the non-

homogeneous term   .  

A dependent domain displacement basis is constructed such as to satisfy locally equilibrium 

equation (2.81): 

         ̅          
  (2.118) 

The domain strain basis is obtained from the stress basis (2.117) enforcing the elasticity 

condition (2.84). 

                   
  (2.119) 

The functions collected in (2.117) to (2.119) satisfy the constraints listed in Table 3. The 

equilibrium equation (2.81) is satisfied locally, On the other hand, the displacement and strain 

approximations do not satisfy, in general, the compatibility condition (2.82) , which is enforced 

in a weak form. 

Equilibrium equations Compatibility equations Elasticity equations 

            

        

       

        ̅           

Table 3: Trefftz constraints of stress model for dynamic problems 

The displacement field is independently approximated on the Neumann and interior 

boundaries of the element (extended Neumann boundary,  ̅ 
    

 ⋃  
 ) as: 

               ̅ 
  (2.120) 

Except for completeness and linear independence, no restrictions are enforced on the 

functions collected in the (hierarchical) boundary basis   . 

 Domain statement 
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The domain equation of the hybrid-Trefftz stress element is derived by enforcing on average 

the compatibility (2.82) and elasticity (2.84) conditions, using the functions collected in basis 

(2.117) for weighting: 

 ∫  
               (2.121) 

Integrating by parts the second term of equation (2.121) allows the explicit enforcement of 

the Dirichlet boundary condition (2.86) and the insertion of the displacement approximation 

(2.120) on the extended Neumann boundary: 

 ∫  
          ∫     

      
  ∫     

    ̅ 
   ∫     

      (2.122) 

Enforcing approximations (2.117) and (2.118) into equation (2.121) and space (2.122), and 

using properties given in Table 3, equation (2.121) yields, 

             
    

  (2.123) 

where: 

     ∫     
     

  (2.124) 

    ∫     
    ̅ 

  (2.125) 

   
  ∫     

      
  (2.126) 

   
         ̅        (2.127) 

    ∫     
          (2.128) 

    ∫  
        (2.129) 

  ̅  ∫     
         

  (2.130) 

As shown for the displacement element, the domain integral term present in the right hand 

side of equation (2.127) is reduced to the boundary integral (2.131) if analytic solutions exist for 

the non-homogeneous domain equations: 

   
  ∫     

  ̅    
  (2.131) 

 Boundary statement 

Essential conditions (2.85) and (2.87) are enforced on the Neumann and interior boundaries 

of the element, respectively, using the functions collected in basis    for testing. 
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On the Neumann boundary, this yields: 

 ∫            
    (2.132) 

Using definitions (2.117) and (2.125), equation (2.132) becomes: 

    
      

    
  (2.133) 

where: 

   
  ∫       

  (2.134) 

   
  ∫        

  (2.135) 

On the interior boundary shared by elements   and   , equilibrium condition (2.87) is 

enforced weakly as, 

 ∫  (     )    
    (2.136) 

Using definitions (2.125) and (2.135) leads to the inter-element equilibrium equation: 

  (  
 )

 
  

  (  
 )

 
  

     
       

    (2.137) 

 Solving system 

The hybrid-Trefftz stress element governing system is obtained by combining the domain 

and boundary statements (2.123) and (2.133) (or (2.137) for interior boundaries), to yield: 

 [
   

   
 

   

 
] [

  

 
]  [

  
    

 

  
    

 ] (2.138) 

System (2.138) shares the same algebraic properties as system (2.116) of the hybrid-Trefftz 

displacement element. 

2.5 Particular solutions 

For simple source functions (e.g. constant body forces), analytic particular solutions may be 

available for equations (2.81) to (2.83). When this is the case, all terms present in the hybrid-

Trefftz finite element equations derived in Section 2.4 are reduced to boundary integral 

expressions [23].  

Unfortunately, in most dynamic problems, no analytic particular solutions are available 

because of the presence of the initial condition terms, and approximate expressions of the 
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particular solution must be found instead. The objective of this section is to show that important 

simplifications of the formulations derived in Section 2.4 are obtained if the particular solution is 

constructed using functions that satisfy the homogeneous form of the static problem presented in 

Section 2.2. These functions are labelled here static (or particular solution) functions. 

Along with the Trefftz-compliant (i.e. dynamic) functions, the static functions are used to 

enforce weakly the domain equations and their weights are obtained from the solution of the 

finite element solving system, written for the whole mesh.  

 Particular solution bases 

The option followed here is to define the particular solution vectors    ,    and    as, 

              (2.139) 

         (2.140) 

         (2.141) 

The above definitions hold for both displacement and stress models, with the distinction that the 

generalized displacements    and    are replaced by the general stresses    in the case of the 

stress model.  

The approximation functions presented in equations (2.139) to (2.141) satisfy the domain 

equations: 

       (2.142) 

         (2.143) 

        (2.144) 

        (2.145) 

The functions collected in the particular solution bases are generally well known and 

numerically simpler than their dynamic counterparts. They satisfy locally compatibility and 

elasticity equations (2.82) and (2.83), but do not satisfy locally the equilibrium equation (2.81). 

It should be noted that since the stress model of the hybrid-Trefftz elements requires the local 

enforcement of the equilibrium equation, definition (2.139) does not hold for the particular 

solution  ̅  present in definition (2.118). However, using property (2.142), equation (2.108)  

provides a simple definition for   ̅  as, 
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  ̅           (2.146) 

The weights of the static functions can be determined, along with the weights of the dynamic 

functions, by enforcing the same domain and boundary equations as described in Section 2.4 for 

the coupled approach. 

 Displacement model 

Despite the different physical grounds they are established on, the static bases defined by 

equations (2.139) to (2.141) and the dynamic bases defined in Section 2.4 satisfy locally the 

same domain equations (compatibility and elasticity), and fail to satisfy the dynamic equilibrium 

equation.  

This observation justifies the strategy of enforcing the same domain and boundary equations 

on both parts of the trial basis in order to determine their weights. No algorithmic distinction is 

thus made between the dynamic and static trial functions. They are integrated in the same 

domain basis and left to combine in the best possible way in order to satisfy the domain and 

boundary conditions that are enforced on them. 

The finite element equations derived in Section 2.4 are rewritten next, to explicitly account 

for the presence of both parts of the domain basis. 

The enforcement of the equilibrium equation (2.81) using the functions collected in bases 

  ,    and    for weighting (see Section 2.4.1) causes the domain statement (2.100) to assume 

the following form, 

                          

     

  (2.147) 

where   {     } and: 

     ∫  
        

  (2.148) 

     ∫  
        

    ∫  
      

  (2.149) 

        ∫  
      

  (2.150) 

    ∫  
    ̅ 

  (2.151) 

    

  ∫  
      

  (2.152) 

    

  ∫  
       (2.153) 
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If    is real and the material stiffness     and generalized mass     matrices are Hermitian, 

matrices     and     are the transpose conjugates of matrices     and    , and thus assume 

boundary integral expressions,. 

The generalized frequency is real when direct time-integration methods are used. Conversely, 

the weighted-residual method suggested by Freitas [54] generally leads to complex values of the 

algorithmic frequencies. The generalized mass matrix   is Hermitian when the velocity-induced 

terms are absent from the governing equation (2.53). The material stiffness matrix   is Hermitian 

in all practical linear applications known to the author. 

If the conditions stated above are not observed, the volume integrals present in expression 

(2.149) and (2.150) do not have, in general, analytic expression and may be difficult to compute 

numerically because of the oscillatory nature of the dynamic trial functions collected in basis   . 

The boundary equation (2.111) takes the form, 

  ∑ (  
   )     

  (2.154) 

where   
  is defined by equation (2.112). 

Under these definitions, the hybrid-Trefftz displacement element solving system collects the 

domain and boundary statements (2.147) and (2.154), to yield, 
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 ]

 
 
 
 

 (2.155) 

System (2.155) shares the same algebraic properties as system (2.116) of the hybrid-Trefftz 

displacement element. Consequently, the addition of new trial functions to the finite element 

bases does not require all solving system coefficients to be calculated a new. Instead, only the 

lines and columns corresponding to the new additions to the bases need to be determined. 

The solution of system (2.155) yields unique estimates for all domain fields. They are 

recovered using expressions (2.94), (2.95) and (2.96), with the particular solution terms given by 

expressions (2.139) to (2.141). It should, however, be noted that, besides the compatible 

estimate, 

                  (2.156) 
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an equilibrated solution can be obtained, in the post-processing phase, using definition (2.146) 

for the particular solution, 

                 (2.157) 

As both estimates should be equal upon convergence, their comparison provides a useful error 

measure at marginal computational cost. 

Independent estimates are obtained for the traction fields on the Dirichlet and interior 

boundaries of the elements either by projecting on the boundary the domain stress field given by 

equation (2.96), or by using the boundary approximation (2.97). The difference between the 

boundary traction solutions can also be used as an error measure. 

 Stress model 

Following the procedure adopted in Section 2.4.2, the weak enforcement of the compatibility 

equation (2.82) using the functions collected in bases    and    for weighting, yields the 

following domain equations: 

                    

     

  (2.158) 

where   {   } and, 

     ∫(   )
 
    

  (2.159) 

     ∫     
     

  (2.160) 

     ∫     
     

  ∫     
     

  (2.161) 

    ∫(   )
 
   ̅ 

  (2.162) 

    

  ∫(   )
 
     

  (2.163) 

    

  ∫     
  ̅   

  (2.164) 

    

    (2.165) 

If the material flexibility matrix   is Hermitian, which is the case in virtually all linear 

applications, matrix     can be reduced to a boundary integral expression and matrices     and 

    are conjugate transpose of each other. Conversely, matrix     cannot be reduced to a 

boundary integral if the flexibility matrix   is non Hermitian. 
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Substitution of definition (2.141) into the boundary statement (2.133) yields, 

  ∑ (  
   )     

  (2.166) 

where   
  is given by expression (2.134). 

The solving system of the stress model is obtained combining the domain and boundary 

statements (2.158) and (2.166), 

 [

         

         

   
    

  
] [

  

  

 
]  *

   

     

 

   
 

   
 

+ (2.167) 

System (2.167) shares the algebraic properties of the system (2.155) of the displacement 

element. However, unlike the displacement element, all terms present in the matrix of 

coefficients are defined by boundary integrals when the local flexibility matrix   is Hermitian. 

Equilibrated and compatible domain displacement solutions can be obtained, in the post- 

processing phase, using expressions (2.157). 

Also, two independent estimates can be recovered for the displacement fields on the 

Neumann and interior boundaries of the stress element, by either projecting the domain 

displacement field on the boundary or using the independent approximation (2.120). 
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Chapter 3 

Hybrid-Trefftz elements for biphasic media 

Chapter 3 addresses the modelling of the static (steady-state) and dynamic response of biphasic 

media and is based on the contributions and results reported in [49, 109, 111, 112, 117]. The 

alternative stress and displacement models of the hybrid-Trefftz finite element formulation are 

formulated for the static and dynamic problems and their performance is assessed through a 

comprehensive set of numerical tests. 

The central objective of Section 3.1 is to present the formulation and implementation of the 

hybrid-Trefftz displacement (HTD) and stress (HTS) models for static poroelasticity problems 

defined on biphasic media (e.g. water-saturated soils). The models are obtained from the 

corresponding hybrid models by restricting the domain trial functions to a solution subset of the 

governing Navier equation. This reduces the problem to the boundaries of the elements, a 

trademark feature of both Trefftz and boundary element methods, with the added advantage that 

the solving system results sparse and Hermitian, as typical of hybrid finite elements.  

The performance assessment of the HTD and HTS models for the analysis of static biphasic 

problems is presented in Section 3.2. The numerical tests are designed to investigate the effects 

of both  - and  -refinement on the convergence of the finite element predictions to known 

analytic solutions, and to assess the stability of the elements when confronted with issues that 

typically hinder the application of conventional finite elements, such as near-incompressibility of 

the medium and gross mesh distortion. The results of a more complex simulation are also 

presented and compared with those obtained using commercial finite element 

software           [4]. 

The second part of Chapter 3 extends the study summarized above to the analysis of the 

dynamic response of biphasic media. Section 3.3 opens with a detailed description of the 

elastodynamic problems for saturated porous media, stated in a general form in Chapter 2. After 

deriving the governing Navier equation, the Helmholtz decomposition is applied to define 

domain approximation functions satisfying all field equations. They are used to set up the 

approximation bases of the alternative HTD and HTS finite element models. The influence of 
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non-null initial conditions is modelled using the free-field solutions of the associated static 

problem. 

The dynamic response of biphasic media is modelled for both periodic and non-periodic 

excitations in Section 3.4. The technique of time discretization for periodic problems described 

in Section 2.3.1 is used to test for a complex problem with harmonic load. This problem is solved 

using both HTD and HTS models for a wide range of frequencies, in order to evaluate the 

recovery and stability of the solutions in terms of inter-element continuity and the enforced 

boundary conditions. 

Section 3.4 also includes a comprehensive set of tests on non-periodic (consolidation) 

problems, which are designed to investigate convergence increasing the degree of the 

approximation in time ( -refinement) and subdividing the period of the analysis ( -refinement 

through multi-stepping). The performance of the HTD and HTS models are assessed using the 

coupled approach for implementing the particular solution presented in Section 2.5. The results 

are compared with those obtained using commercial finite element software           [4].  

3.1 Formulation of static problems 

The mathematical model presented in Sections 2.1 is specialized here to simulate the static 

(steady-state) response of biphasic media. After establishing the notation, the Trefftz 

approximation basis is defined and used to define the solving systems for the displacement and 

stress models of the hybrid-Trefftz finite element formulation. Particular attention is given to 

avoiding spurious modes caused by over-constraining the pore pressure fields. Also, a post-

processing algorithm for the recovery of the rigid-body components of the displacement field is 

devised for the stress element. 

3.1.1 Mathematical model 

The mathematical model considered for the analysis is the solid displacement-fluid seepage 

  –   variant of the Biot theory of porous media [80], assuming an elastic solid phase fully 

permeated by a liquid phase with a flow governed by Darcy‟s law. Both phases are considered 

compressible. The schematic representation given in Figure 2.1 for the domain,  , and the 
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decomposition of the boundary,  ,defined in Section 2.1 can still be used removing the non-

wetting fluid (air) phase. 

Equations (2.2), (2.3) and (2.11) can be used to model the response of the body under static 

conditions, where the independent components of the (total) stress and strain tensors in the solid 

phase and the pore fluid pressure     and fluid content     are organized in two vectors, 

       {             }  and        {              } , respectively. Vector 

       {            }  collects the solid skeleton displacement and the fluid seepage is 

expressed as        {     }           , where    is the volume fraction and 

        {  
   

  }  the absolute displacement vector in the fluid phase. The mass densities 

of the mixture and of the liquid phase are denoted by   and   , respectively. 

Vectors          {   
   

  }  and          {   
   

   } , presented in 

boundary equilibrium (2.5) and compatibility (2.6) equations, collect the components of the 

applied tractions (applied pore pressure, for the fluid phase) and of the imposed displacements 

(imposed normal seepage), respectively.  

Neglecting the body force  , the Navier equation (2.12) simplifies to, 

                  (3.1) 

Using the definitions given in Appendix D and letting   and    define the gradient and 

divergence operators and    the Laplacian, the above equation yields a system of two 

differential equations on the solid phase displacements   and the fluid seepage  : 

 {
 [          

       
  ]      

    

 [    
       

  ]   
 (3.2) 

The solution of the homogeneous system (3.2) can be obtained defining biharmonic and 

harmonic displacement potentials, which generate coupled and uncoupled displacement modes 

used below to setup approximation bases    and    . The corresponding stress modes 

    and    , are pressure-free. One constant pore pressure mode is found and the solution is 

included in bases    and    . The rigid-body displacements and free flow modes that solve 

system (3.2) define bases    and    . Their corresponding stress and pore pressure fields are 

null. It is noted that singular solutions of system (3.2) can also be found. They can be used to 
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enrich the regular basis when problems with expected singularities are modelled, e.g. stress 

concentration problems, like those involving wedges, notches and cracks [118]. 

3.1.2 Trefftz approximation functions 

The solution sets mentioned above, namely biharmonic and harmonic solutions and the constant 

pore pressure and null-stress modes are defined next. 

 Biharmonic solutions 

When biharmonic displacement potentials are used to construct the solution set    of the Navier 

equation (3.1), they generate one single constant stress mode, plus a family of complex conjugate 

stress modes of higher degree. In the meantime,    and      collect the radial and tangential 

components of the respective fields. 

The linear displacement mode and the associated constant stress field are: 

    
 *

 
 
  
 

+       (3.3) 

    
 [

      

      
 
 

]    (3.4) 

The higher-degree displacement and stress modes have the following expressions, for 

degrees    : 

    
 

 

       
[

[                 ]

  ̂ [                 ]
    
      ̂

]         [  ̂   ] (3.5) 

    
 [

           

          

  ̂       
 

]       [  ̂   ] (3.6) 
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 Harmonic solutions 

Harmonic displacement potentials generate deviatoric modes with frozen medium (null 

seepage) behaviour. For degrees    , pairs of complex conjugate solutions of the Navier 

equation (3.1) are obtained and collected in the basis    : 

    
 

       
[

 
  ̂ 
 
 

]         [  ̂       ] (3.7) 

The corresponding stress field     is: 

    *

 
   
  ̂
 

+       [  ̂       ] (3.8) 

 Constant pore pressure solution 

If a constant pore pressure is applied to the fluid phase, it generates a hydrostatic state of 

stress      and a radial seepage field    : 

    

[
 
 
 
 
 
 

  

 ]
 
 
 

   (3.9) 

    *

 
 
 
 

+    (3.10) 

 Null stress solutions 

Besides the stress generating modes described above, the following rigid-body displacement 

modes defined on the solid phase also satisfy the Navier equation (3.1): 

     *

             
          
 
 

   
   

 
 

+ (3.11) 

In the fluid phase, five linear free flow modes are identified, 
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     [

                                        
                                        

        
     

    
    

 
 

      
      

          
       

] (3.12) 

along with     free flow modes of degree     , with        : 

    [

   
   

         
        

         
        

                              

                    

]    (3.13) 

3.1.3 Trefftz approximation bases 

The Trefftz bases are constructed combining the solutions defined above, to yield the following 

expressions for the hybrid-Trefftz approximations (2.13) and (2.34), 

                              (3.14) 

                (3.15) 

The rigid-body and pure flow modes are absent in the stress approximation (3.15) because 

they produce neither stress nor pore pressure fields. In the expressions above,    ,    and     

are given by definitions (3.9), (3.10) and (3.11) and the remaining terms are grouped as follows: 

        
   

    (3.16) 

        
   

    (3.17) 

             (3.18) 

The stress and displacement bases defined above satisfy the equilibrium, compatibility and 

elasticity conditions (2.2), (2.3) and (2.11) and, consequently, the Trefftz constraints listed in 

Table 1. In general, the bases are implemented at element level and expressed in a local (polar) 

system of reference with origin at the barycenter of the element and axes parallel to the principal 

directions of the element. It is stressed that this form of implementation of Trefftz bases is used 

in all tests presented in this chapter. 

The dimension of basis    with degree    is, according to equations (3.3) to (3.8), 

          (3.19) 

while equations (3.12) and (3.13) set the dimension of the seepage basis      with degree    to: 
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(    )(    ) (3.20) 

3.1.4 Solving system for the displacement element 

Apart from the domain approximation (3.14), independent approximations of the generalized 

tractions are assumed on the extended Dirichlet boundary of the displacement element: 

             (3.21)

The hierarchical bases    and    define independent approximations of the boundary normal 

and tangential components of the traction in the solid phase and of the pore pressure, 

respectively.  

The explicit form of the solving system (2.33) for the hybrid-Trefftz displacement (HTD) 

element is,  
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where the following definitions apply, with   {   } identifying the solid and fluid phases: 

     ∫  
        

  (3.23) 

     ∫  
     ̅ 

  (3.24) 

     ∫   
     ̅ 

  (3.25) 

       

  ∫     
      

  (3.26) 

       

  ∫     
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  ∫  
      

  (3.28) 
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  ∫  
      

  (3.29) 

In the domain of the element, system (3.22) yields unique estimates for the displacement and 

seepage fields, which are computed using definition (3.14), and for the stress and pore pressure 

fields, computed from equation (3.15) (unknowns    are substituted by   ). 

Estimates for the two components of the tractions in the solid phase and for the normal 

component of tractions in the fluid phase are not unique, however, as the same fields can be 

alternatively computed from the domain stress field using equations (3.15) and from the 

boundary approximation (3.21). The difference can be used to assess the solution error, as the 

two approximations should produce the same results upon full convergence. 

3.1.5 Solving system for the stress element 

The generalized displacements on the extended Neumann boundary of the hybrid-Trefftz stress 

element are approximated as follows: 

             (3.30) 

Basis    collects functions associated to the approximation of the components of solid phase 

displacements normal and tangential to the boundary. This basis is hierarchical, independent 

from the domain displacement approximation (3.14) and only constrained to completeness and 

linear independence. Basis           is used to approximate the fluid seepage in the 

boundary normal direction. It is assumed to be constant in order to avoid dependencies in the 

solving system, as explained in Section 3.1.7.  

The explicit form of solving system (2.51) for the HTS element is,  
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where the following definitions apply, with      {   }: 

     ∫         
  (3.32) 
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     ∫     
     ̅ 

  (3.33) 

    

  ∫(   )
 
     

  (3.34) 

    

  ∫(   )
 
    

  (3.35) 

    

  ∫  
      

  (3.36) 

    

  ∫  
         

  (3.37) 

In the domain of the element, system (3.31) yields unique estimates for the stress and pore 

pressure fields, which are computed using definition (3.15). However, the displacement and 

seepage fields are not uniquely defined, as the rigid-body modes (3.14) are stress-free and 

consequently absent from the stress model approximation (3.15). They can be recovered in the 

post-processing phase, as shown in Section 3.1.8.  

On the extended Neumann boundary of the element, the normal and tangential components 

of the solid phase displacement and the normal component of the fluid seepage can be calculated 

using boundary approximation (3.30) or, alternatively, the domain displacement approximation 

(3.14). The two independent estimates should yield the same results upon full convergence. 

3.1.6 Indeterminacy numbers of the HTD model 

The solving system (3.22) may contain linearly-dependent equations. Their presence and number 

depend on the mesh, the boundary conditions and the relative dimensions of the domain and 

boundary bases. These dependencies can be handled using appropriate solvers, generally with 

satisfactory results. However, it is best to identify their causes and ensure that the solving 

systems are free from spurious modes [119]. 

In the context of elastostatic applications, a sufficient condition to ensure that the relative 

dimension of the bases do not induce spurious modes is to require that the displacement element 

is kinematically indeterminate, under the assumption that all equations are linearly independent. 

However, spurious modes in systems (3.22) may remain active even when this condition is 

respected. The cause of this phenomenon can be traced back to a physical feature of the 

poroelastostatic problem, namely the fact that the pore pressure can only be constant. This may 

cause system (3.22) to become over-determinate, thus causing spurious modes. 
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This problem can be solved in different ways. The option followed here is designed to 

preserve generality in terms of numerical implementation, in the sense that poroelastostatic 

hybrid-Trefftz elements can be programmed with the same logic independently of the model, 

stress or displacement, and of the boundary conditions, with or without prescribed boundary 

pressure fields.  

Assume that system (3.22) is written for a single-element mesh, meaning that the inter-

element boundary variables and the associated inter-element compatibility conditions are absent. 

According to equations (3.14), (3.19) and (3.20), the dimension of the domain basis is, 

 4x fN N N    (3.38) 

Assuming that polynomial functions are used for the boundary approximation, the dimension of 

the boundary basis (3.21) is defined as follows, 

 
p ps pwN N N   (3.39) 

  2 1ps psN s d   (3.40) 

  1pw pwN s d   (3.41) 

where     and     are the dimensions of the traction and pore pressure bases    and   , with 

degrees     and    , and   is the number of sides that form the Dirichlet boundary of the 

element. For the sake of simplicity, and without limiting the scope of the presentation, 

expressions (3.40) and (3.41) are obtained under the assumption that the same degree of 

approximation is used on all sides of the element.  

The first two sets of equilibrium equations in system (3.22) show that the stress inducing 

modes are always statically indeterminate, with indeterminacy numbers: 

 0s psN    (3.42) 

 0w pwN    (3.43) 

It is important to clarify the role of the third and fourth sets of equilibrium conditions in 

system (3.22). As the stress and pressure fields are self-equilibrated, their role is to ensure that 

the approximations used for the boundary forces and the pore pressure are not arbitrary: their 

resultants must satisfy the global equilibrium conditions. 
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The three equations forming the third set of equilibrium equations in system (3.22) are 

always linearly independent and have the following static indeterminacy number, 

 3rs psN    (3.44) 

which is non-negative regardless of the degree     of the boundary basis    if the number of 

Dirichlet sides     of the element is larger than one. If    ,     must be larger than zero for the 

set to be statically indeterminate. This is obviously a weak restriction, as the dimension of basis 

   is mainly conditioned by the necessity of adequately enforcing the compatibility equation on 

the Dirichlet boundary of the element, i.e. the fifth set of equations in system (3.22).  

On the other hand, to ensure a non-negative static indeterminacy number for the fourth set of 

equations in system (3.22), the following condition must be met, 

 0rw pw fN N     (3.45) 

setting a rather strong restriction on the degree     of the boundary basis   , which must, in 

general, be larger than the degree    of the basis used for the free fluid flow: 

 
pw fd d  (3.46) 

This reasoning can be dualized to state the kinematic admissibility conditions of the last two 

sets of equations in system (3.22). 

The kinematic indeterminacy of the first set of compatibility equations, that is, the fifth set in 

system (3.22), implies that, 

 3 0ps psN N      (3.47) 

which essentially ensures that the degree of the boundary approximation does not exceed the 

degree of the strain inducing domain modes: 

 
psd d   (3.48) 

The kinematic indeterminacy condition on the second set of compatibility equations is: 

 1 0f pwN N    (3.49) 

Combined with equation (3.45), condition (3.49) eventually yields: 

 1f pw fN N N    (3.50) 
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Equation (3.50) is a strong restriction on the choice of the degree     of the boundary basis 

   and, depending on the number of Dirichlet sides and the degree    of the free flow basis 

   , may indeed be impossible to satisfy (e.g. when      and    ). 

If more than one element is used to construct the mesh, the restriction can be removed 

(without loss of generality) redefining the support of the free fluid flow approximation     as 

the whole domain in analysis rather than the domain of every element. The governing system 

preserves its form (3.22) and its algebraic properties, with the difference that the fourth 

equilibrium equation is now written on the exterior boundary of the domain, to yield, 

    
r

u

w rw

N N

rw

u u

Γ 0w j k
j 1 k 1

 

 

    tB tP  (3.51) 

where     and     represent the numbers of exterior Dirichlet and Neumann sides of the 

domain, respectively. Also, term     

  is now defined as a boundary integral taken over the 

exterior boundary of the domain. The boundary seepage compatibility equations written on the 

interior boundaries also lose the boundary terms     
 . They only remain present on the exterior 

Dirichlet boundaries of the domain. 

3.1.7 Indeterminacy numbers of the HTS model 

In order to define the indeterminacy numbers for the hybrid-Trefftz stress element, consider 

system (3.31), written for a single element. The total number of static degrees of freedom is 

equal to the dimension of the domain basis, 

 1yN N   (3.52) 

combining    harmonic and biharmonic modes and the single pore pressure mode, see equation 

(3.19). The total number of kinematic degrees of freedom is, 

 
q qs qwN N N   (3.53) 

  2 1qs qsN s d   (3.54) 

  1qw qwN s d   (3.55) 
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where     and     are the dimensions of the boundary bases    and    present in definition 

(3.30), assuming degrees of approximation     and    . As for the displacement element, 

expressions (3.54) and (3.55) are obtained considering that the same degree is used on all sides.  

The compatibility (i.e. first two) equations of system (3.31) are always indeterminate, with 

kinematic indeterminacy numbers equal to: 

 
s qsN   (3.56) 

 
w qs qwN N    (3.57) 

The static indeterminacy condition of the first set of boundary equilibrium equations, 

 1 0qs qsN N      (3.58) 

is observed, in general, if the degree of the boundary approximation does not exceed the degree 

of the stress approximation: 

 
qsd d   (3.59) 

The static indeterminacy condition of the second (pressure) boundary condition, 

  1 1 1 0qw qw qwN s d        (3.60) 

deserves special attention in this context, as it clearly cannot be met unless       and the 

element has one single Neumann (or interior) side. 

To clarify the source of the problem, it should be noted that the second boundary equation is 

used to enforce the pressure equilibrium on each Neumann and interior boundary of the element. 

As the pore pressure can only be constant, it is allocated one single degree of freedom,      , 

in the domain approximation (3.15), whose value only requires one equation to be determined. 

This is the reason why basis    is defined with a single mode. 

However, as shown in Figure 3.1, even when the pressure equilibrium is enforced in the 

weakest possible way (constant approximation for the boundary seepage), all but one of the 

equations written for an element are redundant. 
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Figure 3.1: Over-constrained domain pressure fields 

Instead of developing a logic that ensures that only one pressure continuity condition is 

transmitted to each element of the mesh, the option followed here is to redefine the support of 

pressure approximation present in definition (3.15) as the whole domain in analysis, instead of 

defining it at element level. 

The governing system still preserves form (3.31), with the only difference that the second 

(domain compatibility) equation is now defined at structural level. This means that this equation 

now only collects boundary terms defined on the exterior (structural) Neumann boundary, the 

inter-element boundaries no longer being part of it, 

    
u

w w

N N

σ

ww w ws ww w Γ 0j k
j 1 k 1

Y A Q u u
 



 

    sA Q  (3.61) 

where    and     are the numbers of exterior Neumann and Dirichlet sides, respectively. In 

equation (3.61), terms     and    

  are now defined as boundary integrals taken on the whole 

domain. Terms    
  and    

  also vanish from the inter-element equilibrium equations, 

remaining present only on the exterior Neumann sides of the domain. 

3.1.8 Recovery of the stress-free modes 

This section addresses the a posteriori recovery of the rigid-body and free flow modes in the 

implementation of the hybrid-Trefftz stress model, absent from the approximation basis (3.15) 

and, consequently, from the solving system (3.31). 

When the displacement field needs to be calculated in the domain of the elements, the rigid-

body and free flow modes collected in bases     and     must be determined in the post-

processing phase. This is done enforcing the displacement continuity conditions on the exterior 

Dirichlet boundary    as well as on all inter-element boundaries,   . 
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Various strategies to achieve this are discussed in [119]. The option used here is to express 

the continuity conditions in terms of boundary normal and tangential displacements in the solid 

phase and boundary normal fluid seepage and to enforce them weakly on all boundaries, in a 

single step. 

After solving system (3.31), approximation (3.14) can be written in the following form, 

         ̅ (3.62) 

where             ,   
           and vector  ̅ is known from the processing phase: 

  ̅               (3.63) 

Considering a set of test functions   (whose degree should not exceed the degree of the 

domain approximation basis), the compatibility conditions on the Dirichlet and inter-element 

boundaries are written as, respectively, 

    *

u

*d d    urr ΓW nU W u nX u Γ  (3.64) 

      j k k j

r i

*

r

*

r

*

r i in dΓ n d  d Γ n Γ     W U W U W u nuX X  (3.65) 

where   is the direction cosine matrix used to obtain the boundary normal and tangential 

components of the displacements. Equation (3.65) should be written once for all adjacent 

elements   and  . 

Equations (3.64) and (3.65) lead to a system of equations which is solved for the unknown 

weights    associated with the rigid body and free flow modes. As system (3.64)-(3.65) is, in 

general, over-determinate, it needs to be solved in its (Hermitian) least-square form. 

3.2 Solution of static problems 

Four sets of tests are presented in this section. Convergence of the HTD and HTS finite element 

solutions is analyzed under  - and  -refinement conditions. The tests on robustness address two 

issues in terms of numerical stability, namely sensitivity to mesh distortion and sensitivity to 

quasi-incompressibility. The last test is used to illustrate the performance of the HTD and HTS 

models, as compared with conventional (conform) finite elements. 
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3.2.1 Convergence under p- and h-refinement 

The numerical applications presented in this section are performed on the biphasic body 

represented in Figure 3.2, with dimensions of            ,             and            . 

A water-saturated Molsand soil with the properties defined in Appendix E is used in the test. 

 

Figure 3.2: Model for convergence and robustness tests 

As error measures are sensitive to reference values, an exact, analytical solution is used as 

reference. This solution is defined here using a singular solution of the Navier equation (3.1), 

obtained from the biharmonic displacement potential                 , which is not included 

in the regular displacement and stress bases (3.14) and (3.15) as it causes the stress field to be 

singular at the origin. This reference solution is used to setup the boundary conditions of the test, 

either the surface tractions (for the displacement model) or the displacements (for the stress 

model) applied on all exterior sides of the domain shown in Figure 3.2.  

Under these conditions, the normal and tangential components of the solid phase tractions on 

the radial boundaries are given by expression (3.66), while equation (3.67) defines the same 

quantities on the circular sides of the medium (the boundary pore pressure is null):  

      
 

 
*
         
         

+   (3.66) 

     
 

 
[
     

 
           

         
] (3.67) 
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The normal and tangential components of the solid phase displacement field and the normal 

component of the fluid seepage on the radial boundaries of the domain are given by expression 

(3.68), while their counterparts on the circular boundaries are defined by relation (3.69): 

     
  

  
*

[                 ]           

 [                ]           

                       
+ (3.68) 

     
  

  
*

[                ]           

[                 ]           

                       
+ (3.69) 

The choice of signs in these expressions follows from the orientation the boundary outward 

normal.  

The normal and shear (total) stress fields corresponding to the tests described above are 

presented in Figure 3.3. 

   

                                                                                                           

Figure 3.3: Reference stress fields in biphasic static problems   

The p- and h-convergence rates are assessed using the error in the finite element estimates of 

the deformation energy. For the domain represented in Figure 3.2, the analytic expression of the 

deformation energy is, 

     ∫   
        

    

    
 (3.70) 

where    is the stress field (obtained from potential  ) equilibrating the applied tractions (3.66) 

and (3.67). The finite element deformation energy is computed as follows, 

      
 

 
∑    

         
        

  
    (3.71) 

      
 

 
∑    

         
        

  
       (3.72) 

where    is the total number of (displacement or stress) elements in the mesh. 
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It should be noted that material and geometrical scaling is used in all tests presented here in 

order to improve the numerical stability of the analysis. Also, system scaling is generally used to 

improve the conditioning of the solving system. A discussion on the scaling strategies and their 

effectiveness can be found in [112]. 

The single-, two-, four- and eight-element meshes represented in Figure 3.4 are used to 

evaluate the convergence of the hybrid-Trefftz models under  -refinement. The leading 

dimensions of the finite elements are         for the first two meshes and        for the third 

and fourth. 

 

Figure 3.4: Testing mesh 

For each testing mesh,  -refinement is performed by gradually increasing the degree of the 

harmonic and biharmonic bases     and    . As the basis is built strictly hierarchically, 

increasing the  -refinement only requires computing the terms that correspond to the new 

additions to the basis, without the need of recalculating terms that were part of the previous, 

weaker, basis. Also, as the bases are not related in any way to the topology of the element, 

implementation of localized  -refinements is possible and indeed quite straightforward. For the 

present tests, however, the same  -refinement is used in all elements and on all essential 

boundaries of the elements. 

The convergence patterns of the mechanical energy error measure defined as, 

    |  
   

 
| (3.73) 

are presented for both models in Figure 3.5. The values on the abscissa represent the total 

number of degrees of freedom     , i.e., the dimension of the finite element solving system. Each 

plot contains four solid line graphs, representing the  -convergence patterns obtained using 

domain bases with degrees 3, 5 and 7 corresponding to boundary bases with degrees 1, 2 and 3 
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on each of the meshes represented in Figure 3.4, namely the meshes with one element (square 

symbol), two elements (diamond), four elements (circle) and eight elements (triangle). Also, 

each plot contains three dashed lines, representing the  -convergence patterns obtained 

maintaining the degree of  -refinement constant and varying the number of elements.  

      
                  a) Displacement model                                                           b) Stress model 

Figure 3.5: Convergence results in biphasic static problems 

The results demonstrate that the convergence under  -refinement is high, even for small 

levels of  -refinement. On the other hand, the impact of  -refinement is weaker. The 

effectiveness of the alternative  - and  -refinements can be quantified by admitting that the 

logarithms of the error measures of freedom      are proportional through a convergence 

factor   . According to the convergence graphs, this assumption is reasonable for all but the most 

 -refined of the tested cases (the lowest dashed line in Figure 3.5). In this situation, the method 

yields a coarser estimate for the average convergence factor, computed over the whole  -

refinement process. 

Under this assumption, the convergence rate is of the order       , where   represents the 

refinement level, defined as the ratio between the current and the previous number of degrees of 

freedom. For instance, doubling the total number of degrees of freedom corresponds to     

and an error decrease of the order       should be expected. Therefore, higher values of    

correspond to larger decreases of the error measure when the number of degrees of freedom is 

increased a given number of times. The  -refinement convergence factors, corresponding to the 

four solid lines in Figure 3.5 show that the  -convergence rate is similar for both displacement 

and stress element. 
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More importantly, Figure 3.5 shows that convergence factor   is larger when the  -

refinement is performed on finer meshes. Substantial testing experience has proven that there 

exists a limited amount of accuracy a certain mesh can meet for a particular problem. Once this 

point is reached, further increasing the degree of  -refinement results in loss of precision because 

of the consequent ill-conditioning of the solving system. The convergence factors of the  -

refinement tests (the three dashed lines in Figure 3.5) are significantly smaller than those 

obtained under  -refinement. However, they improve when the mesh refinement is performed on 

elements with higher orders of  -refinement. In relative terms, the convergence patterns under  -

refinement are similar for both models. 

3.2.2 Sensitivity to mesh distortion  

Mesh distortion is an issue that may seriously hinder the performance of conventional finite 

elements. However, it may be unavoidable when meshing topologically complex domains, as it 

quite often occurs in geo- and biomechanical applications, especially when automatic procedures 

are used to generate the mesh.  

The same testing problem is used to assess the sensitivity of the HTD and HTS models to 

mesh distortion. The distortion scheme shown in Figure 3.6 is applied to the four-element mesh, 

with     
 

 
      . The elements are successively distorted by decreasing the value of the 

distortion parameter   , from       to     . For each value of    , the energy error measure is, 

    |  
     

       
|      (3.74) 

where       and         are the deformation energies computed on the distorted and undistorted 

meshes. The maximum degree of the domain approximation functions is nine for all tests.  
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Figure 3.6: Distortion test model 

Figure 3.7 presents plots of the variation of the error measure with the distortion parameter. 

For both displacement and stress models, the correct results are achieved with good precision for 

the whole range of distortion parameters. More importantly, the error does not increase with the 

level of distortion of the element, the (small) variations being due to the successive relocations of 

the origins of the local systems of reference, which follow the variations of the respective 

barycentre. In relative terms, the stress model seems to produce a lower error than the 

displacement model, although in absolute terms the errors are small in both cases. 

 
                     a) Displacement model                                                       b) Stress model 

Figure 3.7: Sensitivity to mesh distortion in biphasic static problems 

3.2.3 Sensitivity to near-incompressibility  

In many bio- and geomechanical applications, the constituents of biphasic media are 

characterised by very high bulk moduli, posing the problem of adequately modelling nearly-

incompressible media. In biomechanics, for instance, the mixture incompressibility may occur 



Cao Duc Toan  HT elements for porous media 

 

64 
 

when modelling soft tissues [120], while in geomechanics the ground water incompressibility 

may become an issue under low permeability conditions, when the fluid cannot easily drain out 

of the pores [121]. Either of these situations may result in severe mesh locking when 

conventional elements are used [1], with consequent losses in accuracy of the results.  

Due to the practical importance of the situations involving nearly-incompressible media, this 

problem has received significant attention from the researchers. The incompressibility condition 

was enforced using the penalty method [122], or mixed formulations, with or without 

stabilization, e.g. [123]. In the Trefftz context, full soft tissue incompressibility was modelled 

using hybrid-Trefftz elements by constraining the shape functions to satisfy the incompressibility 

condition, e.g. [124]. However, these strategies generally require the incompressibility condition 

to be explicitly enforced at some level, and thus additional equations need to be solved (or 

additional constraints enacted on the approximation basis). 

The sensitivity of the hybrid-Trefftz elements to near-incompressibility is assessed using the 

testing problem defined above. The Poisson ratio of the mixture is defined in form,  

          (3.75) 

where   is the sensitivity parameter. The domain is meshed into four elements, as shown in 

Figure 3.4. The maximum degree of the domain approximation functions is nine and of the 

boundary approximation function is three. These functions are not adapted in any way to 

accommodate media with low compressibility.  

For each value of    , ranging from       to       , the energy error   is calculated using (the 

equivalent form of) definition (3.73). The results obtained are presented in Figure 3.8. They 

show that the elements are virtually insensitive to near-incompressibility (the limit taken for the 

Poisson ratio is              . The main reason for this robustness is the physical 

significance of the Trefftz-compliant approximation functions, which locally respect the domain 

elasticity equation, despite the high values of the bulk moduli. Significant degradation of the 

predicted results may, however, be caused by loss of numerical precision when parameter   is 

smaller than the numerical precision of the computer (the tests are run using double precision).  
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                               a) Displacement model                                          b) Stress model 

Figure 3.8: Sensitivity to near-incompressibility in biphasic static problems 

3.2.4 Static response of biphasic media 

The test problem defined in Figure 3.9 is solved to illustrate the ability of the hybrid-Trefftz 

elements to recover the inter-element continuity and the enforced boundary conditions. The two-

layer medium is confined in a square tank (      ) and subjected to a surface loading   

    . The upper layer is a water-saturated Molsand soil with a Young‟s modulus reduced to half 

the value given in the Appendix E. The lower layer is the same type of material, but with a 

Young‟s modulus eight times larger (               ). 

 

Figure 3.9: Surface traction test model 

The boundary conditions are defined as follows: the surface force acts on the solid skeleton 

and the pore pressure is null on the free surface; the normal displacements in the solid phase and 

the fluid seepage are restricted along the walls of the rigid container; no constraints are imposed 

on the tangential components of the displacements on the frictionless tank walls; displacement 

and surface force continuity is assumed on the interface of the two layers. 
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The domain is meshed in 16 square elements. The domain approximation bases are 

constructed, for all elements, using polynomial functions of degree 15 and the boundary 

approximation bases are of maximum degree 5. The total number of degrees of freedom is 1,509 

for the displacement model and 1,336 for the stress model. 

The reference solution is obtained with         . The domain is discretized in 1,600 

CPE4P elements [4]. CPE4P is a four-node (bilinear) displacement and pore pressure element, 

with three degrees of freedom per node, two nodal displacements and the nodal pore pressure. 

The total number of degrees of freedom is 5,043. 

The stress fields obtained with conform elements (        ) and hybrid-Trefftz elements 

(HTD and HTS) are presented in Figures 3.10 to 3.12. The variation of the solid phase 

displacements and total stresses along the vertical section       (under the applied load, see 

Figure 3.9) is presented in Figure 3.13. It is noted that no smoothing is used in any of the graphs 

presented in Figures 3.10 to 3.12. 

The plots show the stress and displacement fields are continuous within each layer (inter-

element continuity) and satisfy both Neumann and Dirichlet boundary conditions. They also 

show that inter-layer continuity is adequately enforced. Moreover, they simulate correctly the 

expected behaviour on the interface of the layers: formally, the axial stress component     is not 

subject to a continuity condition and the discontinuity shown in Figure 3.10 is a direct 

consequence of the discontinuity of the stress fields in layers with distinct mechanical properties.  

The effect of this physical discontinuity is also visible in the variation of the shear stress,    . 

Equilibrium on the interface is correctly modelled (continuity of     at     ), as well as the 

effect of displacement continuity: the no-sliding condition is the main cause for the shear stress 

concentration on the interface.  

Another source of high stress gradients is the discontinuity of the loading on the free 

surface     . The stress components     and     satisfy the boundary conditions and the high 

gradients present in all stress field components show that the Trefftz element solutions are 

converging to the (elastic) stress singularity developing at point             . It is recalled 

that this (weak) singular solution is not contained in the Trefftz approximation basis. Figure 
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3.12a) shows that the singularity causes some discontinuity in the shear stress field predicted 

by          , as element CPE4P assumes a linear variation for all stress components. 

 

Figure 3.10:      diagrams. a) ABAQUS b) HTD c) HTS

 

Figure 3.11:     diagrams. a) ABAQUS b) HTD c) HTS

 

Figure 3.12:      diagrams. a) ABAQUS b) HTD c) HTS 
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Figure 3.13: Displacement and total stress profiles at       

The results presented in Figure 3.13 show that, as expected, the discrepancy in stiffness 

between the two layers causes sharp changes in all stress fields (except     ) at interface     . 

The variation of the vertical displacement in the upper layer, see Figure 3.13a), is larger than in 

the (stiffer) lower layer. As shown in Figure 3.13b), normal stresses in the horizontal direction 

are discontinuous, as seen in Figure 3.10, and the increase in the shear stress at the interface is 

visible in Figure 3.13d). 

Overall, the results obtained with the hybrid-Trefftz models are in good agreement with those 

predicted by           , despite the significant difference in mesh refinement and the 

consequent discrepancy in terms of total number of degrees of freedom.  

To illustrate the significance of the post-processing procedure described in Section 3.1.8, 

Figure 3.14 presents a comparison between the displacement fields obtained after the processing 

phase (discarding rigid-body displacements and free fluid flow) and after the post-processing 

procedure (including rigid-body displacements and free fluid flow). Red arrows represent the 

solid phase displacement field, while blue arrows denote the fluid seepage. 

 

Figure 3.14: Effect of the inclusion of rigid body and pure flow modes (RBM) in the solution. 
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It is clear that failure to include the rigid-body and free flow modes causes significant 

violations of the displacement continuity condition, both on the Dirichlet boundary of the 

medium and on the inter-element boundaries. However, when these modes are included, the 

displacement continuity conditions are respected throughout the domain. 

3.3 Formulation of dynamic problems 

The mathematical model presented in Section 2.1 is specialized here to simulate the dynamic 

response of biphasic media. The spectral problem is defined and solved to obtain the three sets of 

waves that propagate in biphasic media. They are used to set up the approximation bases of the 

displacement and stress models of the hybrid-Trefftz finite element formulation in forms (2.94) 

and (2.117) and establish the solving systems (2.116) and (2.138). The section closes with a brief 

summary of the procedures described in Section 2.3 to implement time integration. 

3.3.1 Mathematical model 

The homogeneous Navier equation (3.76) is rewritten from equation (2.54) as, 

                       (3.76) 

Using Figure 2.1 as reference (without a non-wetting fluid phase), and the boundary 

conditions defined in Section 2.1, the notation established in Section 3.1.1 and the definitions 

given in Appendix D, the Navier equation (3.76) takes the explicit form, 

 {
 [          

        
  ]      

                 

 [    
        

  ]                 
 (3.77) 

where vectors     and   define the solid phase displacements and the fluid seepage. 

3.3.2 Trefftz approximation functions 

The Navier system of equations (3.77) is reduced to the Helmholtz equation using dilatational 

and shear displacement potentials, leading to two sets of compressional waves and one set of 

shear waves. 

 Compressional waves  

The compressional wave solution is determined solving system (3.77) under the assumption 

that they derive from a gradient field. Two sets of wave numbers are obtained,   {   }, 
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where the phase multipliers,    
   are the solutions of the following quadratic equation: 
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The displacement and stress fields corresponding to each set of compressional waves are, 
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Interior (exterior) problems are modelled with Bessel functions of the first (second) kind and 

order  ,     (  ), with complex argument       
  . 

 Shear wave 

A single shear wave satisfies the Navier problem (3.77). It is characterized by the following 

wave number and phase multiplier: 

   
    (    
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 (3.85) 

     
  

   
 (3.86) 

The shear wave displacement and stress fields are defined as follows, where         : 
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 Illustration of compressional and shear wave modes 

The dynamic characteristics of the waves propagating through saturated soils are illustrated 

next in terms of the variation of the wavelength,           , where      is the real part of 

the wave number, and of the attenuation, defined as the imaginary part of the wave number. The 

wavelength and attenuation corresponding to the two compressional and the single shear wave 

are represented in Figures 3.15, 3.16 and 3.17 as functions of the (logarithm of the) hydraulic 

conductivity and excitation frequency, for the Molsand soil characterized in Appendix E. 

The plots are presented for a range of frequencies of the propagating wave between      

and      . The hydraulic conductivity range is taken between         and        . These 

limits correspond to pervious soils (e.g. well sorted sands, sand and gravel) and semi-pervious 

soils (e.g. fine sands, loess, and silt). Impervious soils, characterized by hydraulic conductivities 

lower than        , essentially block the propagation of compressional waves through the fluid 

phases, behaving like frozen-media. 

The wavelength and the phase velocity    
 

  
 of the fast propagating    wave (Figure 

3.15) are insensitive to variations of the permeability of the medium. This is consistent with the 

physical nature of this compressional wave, which propagates essentially through direct contact 

between the solid particles and is thus insensitive to those properties of the medium that 

condition the movement of the flow constituents. Moreover, as the product     is practically 

constant, the phase velocity of    wave is also insensitive to the frequency of the travelling wave 

(i.e. the medium is not dispersive in respect to    wave). The wave presents low attenuation, 

especially for the lower range of frequency. 

The second compressional wave, Figure 3.16, is completely influenced by the frequency and 

permeability of the medium, which suggests that the propagation of this wave is determined by 
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the motion of the fluid phase. Both the wavelength and the phase velocity of the    wave reach 

their maximum for the smallest permeability and the highest frequency tested. The phase 

velocity of the    wave is proportional to its frequency; especially at higher permeability values. 

The attenuation of the    wave doesn‟t significantly depend on the frequency. However, the 

increasing attenuation of    wave is following the decreasing permeability. This happens 

because    wave is transmitted through fluid motion, which is hindered by the low permeability 

of the medium. 

As shear wave can only propagate through the solid phase, it does not induce pore pressures. 

Its vibration and attenuation characteristics, presented in Figure 3.17, are qualitatively similar to 

those of the    wave.   wave propagates at a lower phase velocity than    wave and is similarly 

attenuated. 
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                            a) Wavelength variation                                           b) Attenuation variation 

Figure 3.15: Compressional wave    in biphasic dynamic problems 

      
 

                            a) Wavelength variation                                           b) Attenuation variation 

Figure 3.16: Compressional wave    in biphasic dynamic problems 

 
                            a) Wavelength variation                                           b) Attenuation variation 

Figure 3.17: Shear wave   in biphasic dynamic problems 
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3.3.3 Trefftz approximation bases 

The Trefftz bases are constructed combining the solutions defined above, to yield the following 

expressions for the Trefftz approximations (2.94) and (2.117), 

           (3.89) 

           (3.90) 

        
   

    (3.91) 

        
   

    (3.92) 

The particular solutions terms    and    are required if the dynamic problems are solved 

with analysis of initial conditions (e.g. non-periodic and transient problems). In this case, the 

particular solutions are approximated using the solutions of the static problems defined in 

Section 3.1.2, to yield following expressions. 

              (3.93) 

         (3.94) 

        
   

      (3.95) 

               (3.96) 

        
   

      (3.97) 

3.4 Solution of dynamic problems 

The testing problem defined in Section 3.2 is used to assess the convergence and the robustness 

of the displacement and stress models of the hybrid-Trefftz finite element formulation for the 

elastodynamic analysis of biphasic media. These tests are presented in Sections 3.4.1 and 3.4.2, 

and are used in Section 3.4.3 to assess the sensitivity to frequency content. The section closes 

with the illustration of the solution of periodic and non-periodic problems. The modelling 

options described in Section 2.5 for time-stepping analyses are presented and assessed. 

3.4.1 Convergence under p- and h-refinement 

As for static tests, the option used here is to induce a reference wave to the medium represented 

in Figure 3.2 by means of imposed boundary tractions (displacement model) or boundary 

displacements (stress model) and to assess the convergence of the predicted mechanical energy. 



Cao Duc Toan  HT elements for porous media 

 

75 
 

The analytic wave is selected from the vibration modes defined in bases (3.81) and (3.82) for 

compressional waves and bases (3.87) and (3.88) for shear waves, under the condition that it is 

absent from the finite element approximation bases.  

The geometry of the domain is defined by           ,            and          . 

The material considered in the tests is the Molsand soil defined in Appendix E. The tests are 

conducted for all types of waves. The spectral frequencies range from        to        for all 

testing waves,    ,    and  . 

 Reference solution for compressional waves 

The Neumann problem for the displacement model is defined by boundary conditions, 

   
     *               (      

)   +       ̂       (3.98) 

   
        (3.99) 

    (     
)         ̂       (3.100) 

where   {   } and      (   
 ) represents the second kind Hankel functions of order  , 

referred to the       referential represented in Figure 3.2. In the expression of the boundary-

normal traction   
 , the positive sign corresponds to the circular boundary of the domain and the 

negative sign, to the radial boundary. No tangential tractions are applied to the boundary. 

In the stress model test, compressional waves of type   {   } are implemented applying 

normal displacements (3.101) and (3.102) to the circular boundaries and tangential displacement 

(3.103) to its radial boundaries, where    and    are the direction cosines of the boundary: 

    
           

               ̂       (3.101) 

    
           

     
             ̂       (3.102) 

    
          

               ̂       (3.103) 

The stress fields     produced by the    and    waves under the two selected frequencies are 

represented in Figure 3.18. 
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Figure 3.18:     stress fields for the tested P waves in biphasic dynamic problems 

 Reference solution for shear waves 

In the displacement model test, analytic shear waves are induced to the medium applying the 

following tangential traction field on the circular and radial boundaries (the boundary-normal 

traction field and the pore pressures are null): 

   
                    ̂    (3.104) 

In the stress model test, the shear wave is induced applying the tangential displacements 

(3.105) on the circular boundaries and the normal displacements (3.106) and (3.107) on the 

linear boundaries: 

    
         

               ̂    (3.105) 

    
          

               ̂    (3.106) 

    
          

                 ̂    (3.107) 

The stress fields     produced by the   wave under the two selected frequencies are 

represented in Figure 3.19. 

 

Figure 3.19:     stress fields for the tested S wave in biphasic dynamic problems 

 Mechanical energy of the induced wave 

The mechanical energy dissipated by the medium per one vibration cycle is given by, 
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 ∫       

 

 
∫  ̇   ̇   (3.108) 

which simplifies to the following spectral form for the domain defined in Figure 3.2, 

    ∫ [             ]   
    

    
 (3.109) 

where   and   represent the displacement and stress modes that define the reference wave. 

Substituting approximations (2.94) and (2.96) into expression (3.108), the mechanical energy 

approximation predicted by the hybrid-Trefftz displacement element is obtained as, 

     
 

 
∑   

     
  
    (3.110) 

where    is the total number of elements in the mesh and vector    collects the displacement 

unknowns in element  . Similarly, approximations (2.117) and (2.118) yield the following 

mechanical energy prediction for the hybrid-Trefftz stress element, 

     
 

 
∑   

     
  
    (3.111) 

where vector    lists the stress unknowns in element  . 

 Convergence results  

The  -refinement is performed by meshing the domain into one, two and four elements, as 

presented in Figure 3.4. The  -refinement procedure is implemented increasing the orders of the 

domain and boundary approximation functions. Convergence of the finite element solutions is 

assessed using the mechanical energy error measure (3.73) under definitions (3.109), (3.110) and 

(3.111). Letting   represent the number of the degrees of freedom of the HTD and HTS finite 

element models, the convergence rate,  , is defined in form, 

                  (3.112) 

meaning that the convergence under a given refinement is of the order       , where   is the 

ratio between the total number of degrees of freedom after and before the refinement. It is 

recalled that the convergence rate under  -refinement is      for conventional elements using 

linear approximations. 

Figures 3.20 and 3.21 present the  - and  -refinement convergence graphs for the two 

compressional waves and for the shear wave. The mechanical energy error measure (3.73) is 
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plotted against the total number of degrees of freedom, that is, the total dimension of the 

assembled solving system (2.116) for displacement model and of the assembled solving system 

(2.138) for stress model. The  -refinement convergence patterns corresponding to the single-, 

two- and four-element meshes are represented with solid lines and with square, diamond and 

circle markers, respectively. The dashed lines in Figures 3.20 and 3.21 correspond to the 

convergence patterns obtained under  -refinement. 

The variation of the convergence rate shown in Figures 3.20 and 3.21 leads to the following 

conclusions, similar to those stated for the static tests: similar convergence patterns are observed 

for the stress and displacement models of the hybrid-Trefftz finite element formulation; the 

convergence rate under  -refinement is of the same order of magnitude as the convergence rate 

of (linear) conventional elements; the (average) convergence under  -refinement is several times 

faster than the convergence under  -refinement. There is, however, only so much precision that 

can be reached by only increasing the order of  -refinement. Over-increasing the number of 

approximation functions eventually leads to loss of precision due to the consequent ill-

conditioning of the finite element solving system. 
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Figure 3.20: Convergence results in biphasic dynamic problems (HTD) 
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Figure 3.21: Convergence results in biphasic dynamic problems (HTS) 

3.4.2 Sensitivity to mesh distortion  

To assess the mesh distortion sensitivity of the hybrid-Trefftz displacement and stress elements, 

the testing problem described above, which is only conducted for   wave and the spectral 
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frequency       , is solved using the mesh represented in Figure 3.6, with   
 

 
   . The 

distortion scheme shown in that figure is used, with the distortion parameter,  , still ranging from 

     to      . The error measure is defined by equation (3.74) and the maximum order of the 

domain approximation functions is eleven for all tests. 

  
                   a) Displacement model                                                          b) Stress model 

Figure 3.22: Sensitivity to mesh distortion in biphasic dynamic problems 

Figure 3.22 presents the variation of the error measure   with the distortion parameter   . The 

displacement and stress models remain basically insensitive to gross mesh distortion. In relative 

terms, the stress model seems to perform slightly better than the displacement model, although in 

absolute terms the errors are small in both cases. 

3.4.3 Sensitivity to near-incompressibility  

The procedure to assess sensitivity of the hybrid-Trefftz elements for static problems is repeated, 

under the same conditions and with definition (3.75) for the Poisson ratio of the mixture. As for 

the mesh distortion test, the analytic solution corresponds to an   wave with a spectral frequency 

of       . The domain is meshed into four finite elements, as shown in Figure 3.4. The 

maximum order of the domain approximation functions is eleven. These functions are not 

adapted to accommodate media with low compressibility. 

The sensitivity parameter,  , varies from      to     . For each value of parameter  , the 

energy error   is calculated using the adapted form of definition (3.73). The results obtained are 

presented in Figure 3.23 and show that both models are virtually insensitive to the increases of 

the Poisson ratio up to limit used,             . 

The justification for this level of robustness is the same as presented for static problems, 

namely the physical content of the Trefftz approximation functions, which locally respect the 
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domain elasticity equation, despite the high values of the bulk moduli. Significant degradation of 

the predicted results may, however, be caused by loss of numerical precision (the tests are ran 

using double precision). 

  
                      a) Displacement model                                                      b) Stress model 

Figure 3.23: Sensitivity to near-incompressibility in biphasic dynamic problems 

3.4.4 Sensitivity to frequency content 

The same domain used for the convergence tests is modelled with a single finite element (Figure 

3.4) and the robustness tests are implemented for   waves and frequencies varying between     

and        . The levels of  -refinement are varied according to the numerical difficulty of the 

analyzed problem. 

Figure 3.24 represents the variation of the error measure defined by relation (3.73) and of the 

wavelength of the induced   wave as a function of the excitation frequency (the wavelength axis 

is logarithmic). The tested wavelengths cover a rather wide range, from      to      . The 

solid and dashed lines represent the variation of the error measures and the wavelength, 

respectively. 

  
                    a) Displacement model                                                         b) Stress model 

Figure 3.24: Sensitivity to high frequency excitations in biphasic dynamic problems 
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The accuracy of the results in Figure 3.24 shows that, in relative terms, both the stress model 

and displacement models of the hybrid-Trefftz elements perform well for all tested frequencies. 

It means that both models are basically insensitive to frequency variations in the saturated 

Molsand soil under testing.  

3.4.5 Solution of periodic problems 

The problem defined in Figure 3.25 is solved, under plane strain conditions, to illustrate the 

ability of the hybrid-Trefftz elements to recover the inter-element continuity and the prescribed 

boundary conditions under harmonic loading.  

The biphasic medium is confined in a square tank (       ,        ) subjected to a 

surface loading    ̅        ̂   , with amplitude  ̅        , acting on the solid skeleton. The 

boundary conditions used in the steady-state test are adopted here: free surface flow of the fluid 

phase; constrained normal displacements in the solid phase and the fluid seepage along the walls 

of the container; unconstrained tangential displacements on the frictionless tank walls. 

 

Figure 3.25: Finite element model for test 

The two materials have the same hydraulic conductivity            . The upper layer is 

a water-saturated Molsand soil with a Young‟s modulus reduced to half the value given in the 

appendix E. The material in the lower layer has the same properties, except for the Young‟s 

modulus, which is eight times larger (               ). The 16-element shown in Figure 3.25 

is used.  
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Both stress and displacement models are tested with two excitation frequencies,        and 

     , in order to illustrate their relative performance under rather distinct situations. The 

wavelengths in the upper layer are         for the high frequency test and           for 

the low frequency test. The corresponding numbers in the lower layer are      and       , 

respectively.  

For both testing frequencies, the domain approximation bases for the displacement and stress 

models are constructed using first kind Bessel functions of order        . The boundary 

approximation is defined using Tchebychev polynomials with degree      . The total number 

of degrees of freedom for displacement model is 1,824 (1,296 displacement modes and 528 

boundary force modes). The stress model is implemented using 1,824 degrees of freedom (1,296 

stress modes and 528 boundary displacement modes).  

The amplitudes and contours of the stress fields are shown in Figures 3.26 and 3.27 for the 

displacement model and in Figures 3.28 and 3.29 for the stress model. The results clearly show 

that the inter-element continuity conditions are well respected and that the assumed boundary 

conditions are accurately recovered despite the significant physical differences of wave 

propagation phenomena for the two testing frequencies. The tests also indicate a good agreement 

between the responses predicted by the alternative models. As before, no smoothing is used in 

the graphs. 
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Figure 3.26: Stress fields for displacement element             

       

             
                                                                                                                   

Figure 3.27: Stress fields for displacement element            

       

                  
                                                                                                                   

Figure 3.28: Stress fields for stress element             

       

             
                                                                                                                   

Figure 3.29: Stress fields for stress element            

It should be noted that the same (coarse) mesh is used to solve both problems, despite the 

difference between the excitation frequencies and consequently between the wavelengths of the 

propagating waves, thus reinforcing the lack of sensitivity of the models to the wavelength of the 
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propagating waves. It is recalled that, for conventional finite elements, the recommended  

element size should not exceed 1/8 of the excitation wavelength [125]. 

3.4.6 Solution of transient problems  

The problem defined in Figure 3.25 is solved in the time domain to illustrate the ability of the 

hybrid-Trefftz displacement (HTD) and stress (HTS) elements to recover solutions of a saturated 

consolidation test. The same dimensions, material properties and boundary conditions and the 

same finite element mesh are used, the difference being that a step-load,    ̅         is applied, 

where  ̅ is the (unit) amplitude and      the Heaviside function. 

The time basis is built with Legendre polynomials with degree 1, 3 and 5 ( -refinement in 

time) corresponding to 2, 4 and 6 pseudo-spectral problems in the time interval             to 

            . Both single- and multi-step analyses are performed, in the latter case with as 

many time steps as needed to attain convergence ( -refinement in time), as illustrated in Figure 

3.30. Convergence and stability of the time integration procedure presented in Section 2.3.2 and 

of hybrid-Trefftz elements is assessed using strategy for implementing the particular solution 

defined in Section 2.5. 

 
Figure 3.30: time steps for test model 

In the upper layer, the Legendre time approximation bases generate a maximum complex 

frequency with absolute value        . The   ,    and   wave velocities are           , 

        and           , for wavelengths of        ,       and        . The corresponding 

values for the lower layer are wave velocities of           ,         and           and 

wavelengths of       ,      and      . 

The convergence under  - and  - refinement in time is illustrated comparing the variation of 

the pore pressure measured at point A, shown in Figure 3.25, with coordinates        . The 

reference („exact‟) solution is obtained using           with a mesh of 40,000 CPE4P finite 
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elements, with a total of 121,203 degrees of freedom. The           solution is obtained in 

128 time steps and using Newton's backward difference method. 

The domain approximation bases for both displacement and stress models are constructed 

using first kind Bessel functions of maximum order           and using polynomial functions 

of maximum degree       . The boundary approximation is defined on Tchebychev 

polynomials, with the maximum degree      . The total number of degrees of freedom for 

displacement model is 2,512 (1,936 displacement modes and 576 surface force modes). The 

stress model is implemented with 2,384 degrees of freedom (1,808 stress modes and 576 

boundary displacement modes). 

         
        a)HTD                                                                               b) HTS 

Figure 3.31: Single step solutions of the pore pressure time-history at point A  

Figure 3.31 shows the time-history of the pore pressure at testing point   obtained with the 

HTD and HTS models, as well as the predictions obtained with Newton‟s backward method as 

implemented in         . The time discretization is performed on a single time step and 

different  -refinement levels (linear, cubic and quintic Legendre polynomials). 

The solutions obtained with a linear approximation in time and 4, 8, 16 and 32 time steps ( -

refinement in time) are shown in Figure 3.32 for the displacement element and in Figure 3.33 for 

the stress element.  

Figures 3.34 to 3.37 present the stress fields in the solid phase and the pore pressure in the 

liquid phase at five instants of the analysis. They are obtained with a linear approximation in 
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time and 16 time steps. Also shown are the           solutions obtained under the conditions 

defined above. 

Those results clearly show that the boundary conditions and the inter-element continuity 

conditions are adequately modelled. Regarding the           solution (121,203 degrees of 

freedom and 128 time steps), the main difference in the hybrid-Trefftz solution (circa 2,500 

degrees of freedom and 16 time steps) is on the estimate of the     stress field.  

   
 

    
Figure 3.32: Linear, multi-step solutions of the pore pressure time-history at point A (HTD)  
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Figure 3.33: Linear, multi-step solutions of the pore pressure time-history at point A (HTS) 
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                                             a)HTD                            b)HTS                                c)Abaqus 

Figure 3.34:          diagrams at selected time points 
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                                             a)HTD                            b)HTS                                c)Abaqus 

Figure 3.35:          diagrams at selected time points 
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                                             a)HTD                            b)HTS                                c)Abaqus 

Figure 3.36:         diagrams at selected time points 
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                                             a)HTD                            b)HTS                                c)Abaqus 

Figure 3.37:        diagrams at selected time points 
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The results presented above show that the multi-stepping method suggested in Chapter 2 for 

elastodynamic analyses perform reasonably well, considering that the          solutions are 

close to full convergence. Further work is being done to simplify the programming of the 

algorithm and to extend the methods for the elastoplastic analysis of porous media.  

The tests only show that   - and  -convergence in time is similar for both displacement and 

stress models. 
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Chapter 4 

Hybrid-trefftz elements for triphasic media 

The study presented in Chapter 3 is extended to the analysis of triphasic media (unsaturated 

soils) using the displacement and stress models of the hybrid-Trefftz variant of the finite element 

method, as reported in [55], [56] and [110]. 

The mathematical formulation is based on the linear elastic theory of mixtures with interfaces 

[97]. This thermodynamically consistent model is applied to problems defined on pervious and 

semi-pervious media, where the fluid seepage is driven by the action of external forces rather 

than by equilibrated capillary forces (swelling). Unlike most of the finite element models 

reported in the literature, the full coupling between the solid, fluid and gas phases is considered 

here. 

The first two sections address basic issues in the solution of static and dynamic problems, 

namely the definition of the mathematical models and of the resulting expressions for the Trefftz 

approximation bases and the characterization of the structure and the indeterminacy numbers for 

the algebraic systems of equations that are obtained for the HTD and HTS elements. However, 

the presentation of the numerical testing results is restructured and scaled down in content to 

minimize duplication. 

Convergence under  - and  -refinement is presented in Section 4.3 for both static and 

dynamic analyses because of their relevance in terms of numerical modelling. For the same 

reason, the sensitivity of both hybrid-Trefftz models to the frequency content of the excitation of 

triphasic media is presented in Section 4.4. 

Sensitivity to gross mesh distortion, presented in Section 4.5, is only illustrated for static 

problems because the results under dynamic conditions are basically equivalent to those reported 

for biphasic media. 

The illustration of the performance of hybrid-Trefftz elements in the analysis of steady-state 

and dynamic response of triphasic media is presented in the closing sections of this chapter, 

Sections 4.6, 4.7 and 4.8 respectively. Two dynamic applications are selected for tests on both 

periodic and transient problems. The response of a single-layer medium is used to illustrate the 
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propagation of the different types of waves in unsaturated soils. The effect material 

discontinuities have on wave propagation is illustrated using a two-layer medium. 

4.1 Formulation of static problems 

Closed-form solutions of the governing equations are derived, in cylindrical coordinates, for 

elastostatic triphasic problem. They are used to construct the domain approximation bases of the 

hybrid-Trefftz elements. As for the modelling of biphasic media, the hybrid-Trefftz displacement 

and stress model differ, essentially, on the type of boundary condition that is explicitly enforced, 

namely displacement continuity in the displacement model and traction continuity in the stress 

mode. 

4.1.1 Mathematical model 

Let   and   represent the domain and the boundary of the triphasic body under analysis, as 

represented in Figure 2.1. The decomposition of the boundary still follows the definitions given 

in Section 2.1. 

The equilibrium, compatibility and elasticity equations (2.2), (2.3) and (2.11) governing the 

static response of the body still hold. However, in those expressions the independent components 

of the (total) stress tensor in the solid phase,   , and the pore pressures in the wetting and non-

wetting phases,    and   , are collected in vector        {      } . Similarly, the 

independent components of the strain tensor in the solid phase,   , and the fluid contents,    and 

  , are collected in vector        {      } . Vector        {      }  

collects the displacement components in each phase.  

The homogeneous Navier equation defined in equation (2.12) still holds, 

                   (4.1) 

under the following specialization, according to  the definitions summarized in Appendix A: 

 ,

   [                        ]            

   [                 ]                                           

   [                 ]                                           

 (4.2) 

The solutions of system (4.2) are obtained using biharmonic and harmonic potentials, 

generating coupled      and uncoupled      pressure-free displacement modes, respectively. 
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These functions are included in the solution space      {        } , along with 

two constant pore pressure modes, one for each of the fluid phases. Stress-free modes satisfying 

system (4.2) are also found and collected in the solution space      {         } . They 

correspond to rigid-body displacements in the solid phase and to pure flow in each of the fluid 

phases. These solution sets are defined next. 

 Biharmonic solutions 

When biharmonic potentials are used to construct the solution set   , they generate one 

single linear displacement mode and a series of complex conjugate displacement modes of 

higher degree. In the meantime,    and      collect the radial and tangential components of the 

respective fields. 

The linear displacement mode and the associated constant stress field are, 
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 (4.4) 

where, according to definitions of stiffness moduli in Appendix A: 

 *
  

  
+     [

       

       
] [

   

   
] (4.5) 

             
  (4.6) 

  ̅                   (4.7) 

The regular, higher-degree displacement and stress modes have the following expressions, 

with     : 
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 Harmonic solutions 

When harmonic potentials are used to construct the solution set    , they generate deviatory 

modes with static fluid behaviour. For degrees    , pairs of complex conjugate solutions of 

the Navier equation (4.1) are obtained: 
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      [  ̂       ] (4.11) 

 Constant fluid pressure modes 

If a constant pore pressure is applied to one of the fluid phases, it generates an hydrostatic 

state of stress    and a radial fluid displacement field   , with   {   }: 
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   (4.12) 
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  (4.14) 
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 (4.15) 

 Stress – free modes 

Besides the stress generating modes described above, the following rigid-body displacement 

modes defined on the solid phase also satisfy the Navier equation (4.1), 

     *
         
          

+ (4.16)  

In the fluid phases, five linear free flow modes are identified, 

     *
                         
                       

+ (4.17) 

along with     free flow modes of degree     , with        : 

     [
                                                

                                   
]    (4.18) 

4.1.2 Trefftz approximation bases 

The Trefftz bases are constructed combining the biharmonic, harmonic, two constant pore 

pressure, rigid body and pure flow modes defined above. In the domain of the element, the 

explicit forms of the hybrid-Trefftz approximations (2.13) and (2.34) for elastostatic problems 

are, 

                                              (4.19) 

                     (4.20) 
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where the following notation is used: 

        
   

    (4.21) 

        
   

    (4.22) 

               (4.23) 

               (4.24) 

The stress and displacement bases satisfy conditions (2.11), (2.2) and (2.3), consequently, the 

Trefftz conditions listed in Table 1. The generalized displacement and stress weights    and 

stresses    should be equal upon full convergence of the alternative HTD and HTS models, for 

each phase   {     }. 

In general, the bases are implemented at element level and expressed in a local (polar) system 

of reference with origin at the barycenter of the element and axes parallel to the principal 

directions of the element. It is stressed that this form of implementation of Trefftz bases is used 

in all tests presented in this chapter. 

The dimension of basis    with degree    is, according to equations (4.3) to (4.11), 

          (4.25) 

while equations (4.17) and (4.18) set the dimension of the basis      with degree   : 

    
 

 
(    )(    ) (4.26) 

4.1.3 Solving system for the displacement element 

Apart from the domain approximation (4.19), independent approximations of the generalized 

tractions are enacted on the extended Dirichlet boundary of the hybrid-Trefftz displacement 

element: 

                  (4.27) 

The (hierarchical) bases    ,    and    are chosen such to ensure independent 

approximations of the normal and tangential components of the traction in the solid phase, and of 

the pore pressure, respectively.  
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The explicit form of the solving system (2.33) of the hybrid-Trefftz displacement (HTD) 

element is,  
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 (4.28) 

where the following definitions apply, with    {     } for each phase: 

     ∫  
        

  (4.29) 

     ∫  
     ̅ 

  (4.30) 

     ∫   
     ̅ 

  (4.31) 

      ∫    
     ̅ 

  (4.32) 

      ∫    
     ̅ 
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  ∫  

      
  (4.34) 

     
  ∫   

      
  (4.35) 

      

  ∫    
      

  (4.36) 

      

  ∫    
      

  (4.37) 

    

  ∫  
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  ∫    
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  ∫    
        

  (4.40) 
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  (4.41) 
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  ∫  
      

  (4.42) 

System (4.28) provides unique estimates for the displacement and seepage fields in the 

domain of the element, which are computed according to definition (4.19). The stress and pore 

pressure fields are determined using equation (4.20), where unknowns    are substituted by their 

counterparts,   . 

On the (extended) Dirichlet boundary of the element, definition (4.27) provides estimates for 

the normal and tangential components of the tractions in the solid phase and of the pressures in 

the fluid phases. As for the biphasic model, these estimates are not unique, because estimates for 

the same fields can be alternatively computed from the domain stress field using equation (4.20). 

The two approximations should converge to the same results upon full convergence, and can be 

used for the assessment of the solution error. 

4.1.4 Solving system for the stress element 

Expression (4.43) is used to approximate the generalized displacements on the extended 

Neumann boundary of the hybrid-Trefftz stress element: 

                   (4.43) 

In the above definition, basis    collects functions associated to the (independent) 

approximations of the solid phase displacements in the boundary normal and tangential 

directions, while bases            and            are used to 

approximate the fluid seepage fields normal to the boundary. They are constant to avoid 

dependencies in the solving system, as discussed in Section 4.1.6. Basis    is hierarchical, 

independent from the domain displacement approximation (4.19), and only constrained to 

completeness and linear independence conditions. 

The explicit form of the solving system (2.51) of the hybrid-Trefftz stress (HTS) element is,  
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where the following definitions hold for phases      {     }: 

     ∫(   )
 
    

  (4.45) 

     ∫     
     ̅ 

  (4.46) 

    

  ∫(   )
 
     

  (4.47) 

    

  ∫(   )
 
    

  (4.48) 

    

  ∫  
      

  (4.49) 

    

  ∫  
         

  (4.50) 

In the domain of the element, system (4.44) yields unique estimates for the stress and pore 

pressure fields, which are computed using definition (4.20). However, the displacement and 

seepage fields are not uniquely defined, as the rigid-body modes collected in basis (4.19) are 

stress-free. They can be recovered in the post-processing phase, as reported in Section 4.1.7.  

On the extended Neumann boundary of the element, the normal and tangential components 

of the solid phase displacement and the normal component of the fluid displacement fields can 

be calculated using boundary approximation (4.43) or, alternatively, the domain displacement 

approximation (4.19). The two independent estimates should yield the same results upon full 

convergence. 
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4.1.5 Indeterminacy numbers of the HTD model 

As for the biphasic model, assume that system (4.28) is written for a single-element mesh, 

meaning that the inter-element boundary variables and the associated inter-element compatibility 

conditions are absent, and let, 

 5x W NN N N N     (4.51) 

be the dimension of the domain basis, defined by equation (3.14), where    and    (  

{   }  are defined by equations (4.25) and (4.26). Equation (4.51) includes the harmonic and 

biharmonic modes, the two pore pressure modes, the three rigid-body solid displacement modes 

and the two fluid flow modes. The dimension of the boundary basis is, 

 
p ps pW pNN N N N    (4.52) 

  2 1ps psN s d   (4.53) 

  1pf pfN s d   (4.54) 

where    , and     are the dimensions of the traction and pore pressure bases    and    

presented in equation (4.27);    , and     are the degrees of these bases, and   is the number of 

sides that form the extended Dirichlet boundary of the element. For the sake of simplicity, and 

without limiting the scope of the presentation, expressions (4.53) and (4.54) are obtained under 

the assumption that the same degree is used on all sides of the element.  

The first three sets of equilibrium equations in system (4.28) show that the strain inducing 

modes are always statically indeterminate, with indeterminacies: 

 0s psN    (4.55) 

 0f pfN    (4.56) 

The interpretation of these conditions is based on the role played by the third, fourth and fifth 

equilibrium equations and follows the reasoning detailed in Chapter 3. 

As the stress and pressure fields are self-equilibrated, the role of the equations mentioned 

above is to ensure that the approximations used for the boundary forces and the pore pressures 

are not arbitrary: their resultants must satisfy global equilibrium conditions. 
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The three equations forming the third set of equilibrium equations in system (4.28) are 

always linearly independent and have the following static indeterminacy number, 

 3rs psN    (4.57) 

which is non-negative regardless of the degree     of the boundary basis    if the number of 

Dirichlet sides     of the element is larger than one. If         must be larger than zero for the 

set to be statically indeterminate. This restriction is easily met, as the dimension of basis    is 

mainly conditioned by the necessity of adequately enforcing the compatibility equation on the 

Dirichlet boundary of the element. 

On the other hand, to ensure a non-negative static indeterminacy number for the fourth and 

fifth set of equations in system (4.28), the following condition must be observed: 

 0rdf pf fN N     (4.58) 

This enforces a strong restriction on the degrees     of the boundary basis    , which must, 

in general, be larger than the degree    of the basis used for the free fluid flows: 

 
pf fd d  (4.59) 

This reasoning can be dualized to state the kinematic admissibility conditions of the last three 

sets of equations in system (4.28). 

The kinematic indeterminacy of the first set of compatibility equations, that is, the sixth set in 

system (4.28), implies that, 

 3 0ps psN N      (4.60) 

which essentially ensures that the degree of the boundary approximation does not exceed the 

degree of the strain inducing domain modes: 

 
psd d   (4.61) 

For the second and third set of compatibility equations, the kinematic indeterminacy is 

conditioned by: 

 1 0f pfN N    (4.62) 

Combined with equation (4.58), condition (4.62) eventually yields, 
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 1f pf fN N N    (4.63) 

Equation (4.63) sets a strong restriction on the choice of the degree     of the boundary basis 

  . Depending on the number of Dirichlet sides and the degrees    of the free flow bases     , 

it may indeed be impossible to satisfy this condition (e.g. when      and    ). 

As in the modelling of biphasic media, this restriction can be accepted and special purpose 

solvers used to consistently deal with it (e.g. least-squares solvers). However, if more than one 

element is used to construct the mesh, the restriction can be removed by redefining the support of 

the free fluid flow approximation      as the whole domain in analysis rather than the domain of 

each element.  

The governing system preserves the form (4.28) and its algebraic properties, with the 

difference that the fourth and fifth equilibrium equations are now written on the exterior 

boundary of the domain, to yield, 

    
rd

u

f rdf

u u

Γ

N N

rdf f j 0
k

j 1 k 1

 

 

   B t tP  (4.64) 

where     and     represent the numbers of exterior Dirichlet and Neumann sides of the 

domain, respectively. Also, term      

  is now defined as a boundary integral taken over the 

exterior boundary of the domain. The boundary seepage compatibility equations written on the 

interior boundaries also lose the boundary terms      
 . They only remain present on the exterior 

Dirichlet boundaries of the domain. 

4.1.6 Indeterminacy numbers of the HTS model 

The total number of static degrees of freedom is equal to the dimension of the domain basis, 

 2yN N   (4.65) 

assuming that system (4.44) is written for a single-element mesh. Equation (4.65) includes the 

   harmonic and biharmonic modes and the two pore pressure modes. The total number of 

kinematic degrees of freedom is, 

 
q qs qW qNN N N N    (4.66) 
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  2 1qs qsN s d   (4.67) 

  1qf qfN s d   (4.68) 

where     and     (  {   }  are the dimensions of the boundary bases    and    presented 

in definition (4.43), where and     and     define the degrees of these approximation bases. As 

for the displacement element, expressions (4.67) and (4.68) are obtained considering that the 

same degree is used on all sides of the element.  

The compatibility (i.e. first three) equations of system (4.44) are always kinematically 

indeterminate, with indeterminacy numbers equal to, respectively, 

 
s qsN   (4.69) 

 
f qs qfN N    (4.70) 

The static indeterminacy condition of the first set of boundary equilibrium equations, 

 2 0qs qsN N      (4.71) 

is observed, in general, if the degree of the boundary approximation does not exceed the degree 

of the strain inducing domain modes: 

 
qsd d   (4.72) 

The static indeterminacy condition of the second and third (pressure) boundary condition, 

  1 1 1 0qf qf qfN s d        (4.73) 

deserves special attention, as it clearly cannot be met unless       and the element has one 

single Neumann (or interior) side. To clarify the source of the problem, it is recalled that the 

second boundary equation is used to enforce the pressure equilibrium on each Neumann and 

interior boundary of the element. As the pore pressure can only be constant, it is allocated one 

single degree of freedom,      , in the domain approximation (4.20), whose value only 

requires one equation to be determined. This is the reason why basis    is defined with a single 

mode. However, as shown in Figure 3.1, even when the pressure equilibrium is enforced in the 

weakest possible way (constant approximation for the boundary seepage), all but one of the 

equations written for an element are redundant. 
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This source of linear dependency can be solved in the different ways described in Section 

3.1.7. Instead of developing a logic that ensures that only one pressure continuity condition is 

transmitted to each element of the mesh, the option followed here is to redefine the support of 

pressure approximation presented in definition (4.20) as the domain in analysis. 

The governing system still preserves form (4.44), with the only difference that its second 

(domain compatibility) equation is now defined at the structural level. This means that this 

equation now only collects boundary terms defined on the exterior (structural) Neumann 

boundary, the inter-element boundaries no longer being part of it, 

    sA Q
u

f f

N N

σ

ff f fs ff f Γ 0j k
j 1 k 1

Y A Q u u
 



 

      (4.74) 

where    and     are the numbers of exterior Neumann and Dirichlet sides, respectively. In 

equation (3.61), terms     and    

  are now defined as boundary integrals taken on the whole 

domain. Terms    
  and    

  also vanish from the inter-element equilibrium equations, remaining 

present only on the exterior Neumann sides of the domain. 

4.1.7 Recovery of the stress-free modes 

The procedure described in Section 3.1.8 to recover the rigid-body and free flow modes in the 

post-processing phase of analyses performed using the HTS element is extended to triphasic 

media. 

After solving system (4.44), approximation (3.14) can be written in the following form, 

         ̅ (4.75) 

where                  ,   
                and vector 

  ̅                    (4.76) 

is known from the processing phase.  

Under this notation, equations (4.75) and (4.76) still hold. They are used now to recover (in a 

non-unique way) the stress free modes in the analysis of triphasic media with hybrid-Trefftz 

stress elements. 
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4.2 Formulation of dynamic problems 

The mathematical model presented in Section 4.1 is extended to simulate the dynamic response 

of triphasic media. The supporting information is structured in the same way: definition of the 

spectral problem and derivation of its formal solutions; derivation and characterization of the 

discretization in time and in space using both the displacement and stress models of the hybrid-

Trefftz finite element formulation. 

4.2.1 Mathematical model 

The thermodynamically consistent mathematical model adopted in this section was suggested by 

Wei and Muraleetharan [97] in 2002. It explicitly includes the dynamic compatibility conditions 

on the interfaces between the three phases and endorses the distinction between the microscopic 

fluid flow, caused by the capillary relaxation process (particularly relevant in swelling soils) and 

the macroscopic fluid flow, driven by the pore pressure gradients caused by the application of 

exterior loads to the medium. 

The capillary relaxation process is associated to changes in the volume fractions of the fluids. 

When this process is omitted from the analysis (i.e. the capillary equilibrium is reached 

immediately), the model becomes linear elastic. Also, the model recovers the Biot‟s theory when 

the saturation of the medium is increased to 1.0. 

The linear-elastic model obtained by neglecting the effect of the capillary relaxation is used 

here. Its equations are fully derived and commented in [97]. They are restated here for the sake 

of convenience, but their interpretation is limited to aspects considered relevant for their finite 

element solution. 

The homogeneous Navier equation still holds as, 

                       (4.77) 

Under the notation defined in Section 4.1, and using the definitions given in Appendix A, the 

following expression is found for the spectral Navier equation (4.77) as, 

 

{
 
 

 
    [                        ]          
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 (4.78) 



Cao Duc Toan  HT elements for porous media 

 

110 
 

where: 

          
 ̂
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 ̂
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 ̂
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 ̂

 
   (4.83) 

The solutions of the spectral problem (4.78) involve three compressional waves and one 

shear wave.  

 Compressional waves 

The displacements corresponding to the compressional waves are determined by solving the 

following eigen problem, for the wave numbers    
, with   {     }, and the corresponding 

phase multipliers    

 , with   {     }: 
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The displacement and stress fields corresponding to each compressional wave are, 
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where: 

    

       [   (  )      (  )      (  )] 
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    +   (  ) (4.87) 
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    *               

        

    +   (  ) (4.88) 

Bessel functions of the first (second) kind and order  ,    (  ) with        
  , are used to 

implement interior (exterior) problems. Hankel functions of the first (second) kind can also be 

used to model outgoing (incoming) waves satisfying locally the Sommerfeld radiation condition  

[35].  

It is important to understand the dynamic characteristics of the compressional waves 

propagating through unsaturated soils, as reflected by the solutions derived above. To discuss 

this, the variations of the wavelength,  , and of the (logarithm of the) attenuation of the three 

compressional waves are presented in Figures 4.1 and 4.2 as functions of the (logarithm of the) 

hydraulic conductivity and saturation of the medium. The problem is defined on the Massilon 

sandstone characterized in Appendix B. 

The plots are presented for two frequencies of the propagating wave, namely       and 

     . The saturation range used in the plots             corresponds to the limits of 

the adopted mathematical model, which is valid between the residual and the air-entry degrees of 

saturation. Indeed, for saturations smaller than    , the water is mainly adsorptive, while for 

       , the air is present in bubble form and the medium can be analyzed using biphasic 

models, e.g. Smeulders [92]. 
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The hydraulic conductivity range is taken between          (pervious soils, such as well 

sorted sands, sand and gravel) and         (semi-pervious soils such as very fine sands, loess 

and silt). As noted in Chapter 3, impervious soils, characterized by hydraulic conductivities 

lower than        , essentially block the propagation of compressional waves through the fluid 

phases, behaving like frozen-media. They are not treated here, as triphasic models are not 

necessary for the correct representation of this situation. 

As expected, the wavelengths are significantly larger for the lower frequency case (left hand 

side of Figure 4.1) than for the higher frequency case (right hand side of the same figure). While 

the wavelength variation of a given type of wave is quite similar for both tested frequencies, 

significant differences exist between the three compressional waves. 

The wavelength and the phase velocity    
 

  
 of the fast propagating    wave exhibit 

limited sensitivity to variations of the permeability and saturation of the medium. This is 

consistent with the physical nature of this compressional wave, which propagates essentially 

through direct contact between the solid particles and is thus insensitive to those properties of the 

medium that condition the movement of the fluid constituents. Moreover, as the product     is 

practically constant, the phase velocity of    waves is also insensitive to the frequency of the 

travelling wave (i.e. the medium is not dispersive in respect to    waves). The wave presents low 

attenuation, especially for the lower frequency case. 
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Figure 4.1: Wavelength variation for compressional waves in triphasic dynamic problems 
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Figure 4.2: Attenuation variation for compressional waves in triphasic dynamic problems 

Conversely, the second compressional wave is strongly influenced by the saturation and 

permeability of the medium, which suggests that the propagation of this wave is determined by 

the motion of the fluid phases. Both the wavelength and the phase velocity of the    wave reach 

their maximum for the smallest saturation and permeability tested. Compared to the    wave, the 

second compressional wave propagates slower and its wavelength is significantly smaller. The 



Cao Duc Toan  HT elements for porous media 

 

115 
 

phase velocity of the    wave is proportional to its frequency, especially at lower saturation 

values (i.e. the medium is dispersive in respect to    waves). The    wave is more attenuated 

than the    wave, especially for low permeability media. This happens because    waves are 

transmitted through fluid motion, which is hindered by the low permeability of the medium. 

However, unlike    waves, the attenuation of the    wave does not significantly depend on the 

frequency. 

Finally, the third compressional wave is only significant for mid-range saturation values. 

When saturation is below     or above    , the phase velocity of the    wave is very small 

and the attenuation large. This indicates that the    wave is conditioned by the existence of 

capillary pressures, which constitute its mean of propagation. When the fluid phases tend to 

disconnect (the liquid phase disconnects when the medium is close to dry, while the opposite is 

true for the gas phase), the capillary pressures vanish and the    wave disappears. The third 

compressional wave propagates slower and is more attenuated than any of the other waves, 

which means that its contribution to the dynamic response of the medium is only relevant at 

close field. The phase velocity of the    wave increases with the frequency (i.e. the medium is 

  -dispersive), but the attenuation is essentially frequency-independent. 

The features of the three compressional waves have important consequences on their 

computational modeling using conventional finite elements, mainly because of the necessity to 

calibrate the leading dimension of the finite element to the wavelength of the propagating wave 

Pluymers [125]. Due to the extremely small wavelength of the    wave, the correct modeling of 

this wave is practically impossible when conventional elements are used. This is especially 

problematic for high permeability media, where the attenuation is smaller, and has a lesser 

impact on the results at far-field and for low permeability soils. The same problem may also 

hinder the modeling of the    wave, especially at higher frequencies. Indeed, high frequencies 

significantly reduce the wavelength of the second compressional wave, but (unlike the case of    

waves) do not increase significantly its attenuation. This means that the wave may still propagate 

deep into the medium, but it becomes much harder to model due to its reduced wavelength. 

The hybrid-Trefftz elements for elastodynamic problems presented below are aimed to give a 

consistent response to these modeling issues. Due to their physically-meaningful approximations, 
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hybrid-Trefftz elements are less sensitive to wavelength variations than conventional elements 

and are not bounded to observe the condition given in Pluymers [125]. 

 Shear wave 

A single shear wave satisfies the Navier equation (4.77). It is characterized by the following 

wave numbers and phase multipliers, 

   
          

       
    

     (4.89) 

   
   

   

   
 (4.90) 

   
   

   

   
 (4.91) 

The displacement and stress fields corresponding to the shear wave are defined below, where 

       : 
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     ̂    (4.93) 

As shear waves can only propagate through the solid phase, they do not induce pore 

pressures. Their vibration and attenuation characteristics, presented in Figures 4.3 and 4.4, are 

qualitatively similar to those of the    waves. Dispersion of these waves is low, and the 

attenuation (represented logarithmically in Figure 4.4) is proportional to the frequency.   waves 

propagate at a lower phase velocity than    waves and are similarly attenuated. 
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Figure 4.3: Wavelength variation for shear waves in triphasic dynamic problems 

 

Figure 4.4: Attenuation variation for shear waves in triphasic dynamic problems 

4.2.2 Trefftz approximation bases 

The Trefftz bases are constructed combining the solutions defined above, to yield the following 

expressions for the Trefftz approximations (2.94) and (2.117) for elastodynamic problems: 

           (4.94) 

           (4.95) 

    (   
   

   
  ) (4.96) 

    (   
   

   
  ) (4.97) 

The particular solutions,   , and   , are determined in Section 2.5. If the dynamic problems 

are solved with analysis of initial conditions (e.g. non-periodic and transient problems), the 
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Trefftz approximations of particular solutions are combining the solutions of static problems 

defined in Section 4.1.1, to yield following expressions: 

              (4.98) 

         (4.99) 

        
   

        (4.100) 

                      (4.101) 

        
   

        (4.102) 

4.3 Convergence under p- and h-refinement 

All numerical applications presented in this section are performed on the body represented in 

Figure 3.2, with dimensions of            ,             and            . The material 

considered in the tests is the Massilon sandstone characterized in Appendix B. 

The testing procedure is described in Sections 4.3.1 and 4.3.2: a reference solution is taken 

from the solution set of systems (4.2) and (4.78) in the convergence tests on static and dynamic 

problems, respectively; the corresponding surface tractions (displacements) are used to define the 

boundary conditions in the assessment of the performance of the HTD (HTS) finite element 

model. It is ensured, in both instances, that the reference solution is not included in the finite 

element approximation bases. 

4.3.1 Static problems 

The reference solution used in the assessment of convergence under static conditions is derived 

from the biharmonic displacement potential                 . The normal and shear (total) 

stress fields corresponding to the test described above are presented in Figure 4.5. 

     

                                                                                                           

Figure 4.5: Reference stress fields for triphasic static problems 
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The normal and tangential components of the solid phase tractions on the radial boundaries 

are given by expression (4.103), while equation (4.104) defines the same quantities on the 

circular sides of the medium (the wetting and non-wetting pressures are null): 
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The normal and tangential components of the solid phase displacement field and the normal 

component of the wetting and non-wetting displacements on the radial boundaries of the domain 

are given by expression (4.105), while their counterparts on the circular boundaries are defined 

by relation (4.106): 
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The analytic expression of the deformation energy is expressed in form (3.70) and its finite 

element approximation is defined as follows for the displacement and stress models, where    is 

the total number of elements in the mesh: 
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The single-, two- and four-element meshes represented in Figure 3.4 are used to evaluate the 

convergence of the hybrid-Trefftz models under  -refinement. The leading dimensions of the 

finite elements are         for the first two meshes and        for the third mesh. For each of the 

testing meshes, the  -refinement is performed by increasing the degree of the harmonic and 

biharmonic bases    and    defined in Section 4.1.1. 



Cao Duc Toan  HT elements for porous media 

 

120 
 

The convergence patterns of the mechanical energy error measure defined in form (3.73) are 

presented in Figure 4.6 for both models. The values on the abscissa represent (logarithmically) 

the total number of degrees of freedom,  . Solid lines in Figure 4.6 represent the  - convergence 

patterns obtained using domain bases with degrees 7, 9 and 11 and boundary bases with 

maximum degree 5 on the three meshes represented in Figure 3.4, with one element (square 

symbol), two elements (diamond) and four elements (circle). As before, the dashed lines 

represent the  -convergence patterns obtained maintaining the degree of  -refinement constant 

and varying the number of elements. 

According to the convergence rate measure defined in equation (4.109),  , the results 

confirm that the convergence under  -refinement is high, even for small levels of h-refinement, 

and similar for both finite element models. The results shown in Figure 4.6 also show that the 

convergence factor   is larger when the  -refinement is performed on finer meshes (typically in 

the two-element mesh). 

        
                       a) Displacement model                                               b) Stress model 

Figure 4.6: Convergence results in triphasic static problems 

The convergence rates obtained for the  -refinement tests (the three dashed lines in Figure 

4.6) are significantly lower than those obtained under  -refinement, but still similar for both 

finite element models. 

4.3.2 Dynamic problems 

The same testing scheme is used in the assessment of the rates of convergence in the solution of 

dynamic problems with the alternative HTD and HTS finite elements. The geometry of the 
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domain (Figure 3.2) is defined by          ,           and          , and the testing 

spectral frequencies are       for the   ,    and   waves and      for the    wave. The 

hydraulic conductivity of the Massilon sandstone is        , corresponding to an intrinsic 

permeability of             . The high permeability value is designed to minimize the 

attenuation of the    and    waves, thus avoiding their localization at close-range. 

 Compressional waves 

The Neumann problem used to test the displacement model is defined by the following set of 

prescribed boundary tractions and pressures: 

   
               *               

        

    +    (4.110) 

   
    (4.111) 

   
   *       
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   *       

        

    +   (4.113) 

where   {     } and   (   
 ) is the second kind Hankel functions of order  , which is not 

contained in the finite element approximation bases. In the expression of the boundary-normal 

traction   
 , the positive sign corresponds to the circular boundary of the domain and the negative 

sign, to its radial boundary. No tractions are applied in the boundary-tangential direction.  

The stress element is tested under the following set of Dirichlet boundary conditions, where 

   and    are the direction cosines of the boundary: 
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In this reference solution for compressional waves of type   {     }, equations (4.114) 

to (4.116) define displacements normal to the circular boundary and equation (4.117) defines 

tangential component on the radial boundaries of the domain defined in Figure 3.2. 
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 Shear waves 

In the displacement model test, analytic shear waves yield null boundary-normal traction and 

pore pressure fields. The tangential traction on the circular and radial boundaries of the medium 

has the following definitions: 

   
               (4.118) 

For the stress model test, the same shear wave is induced to the medium through the 

application of the tangential displacements on circular boundaries, 

    
      

         (4.119) 

and normal displacements on the radial boundaries: 

    
       

         (4.120) 

    
       

    
        (4.121) 

    
       

    
        (4.122) 

 Convergence results  

To illustrate the reference solutions defined above, the normal stress fields      produced by 

the   ,    and     waves and the tangential stress field      generated by the    wave are 

represented in Figure 4.7. The frequency of the    ,    and   is      , and the frequency of the 

    wave is     . The wavelengths of the induced waves vary between       for the     wave 

to less than     for the     wave. Consequently, in order to obtain acceptable solutions for the 

tested problems, the leading dimension of a conventional element should range from      for 

the     problem to less than     for the     wave. The latter restriction would be, of course, 

unacceptable in most geotechnical applications. 
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Figure 4.7: Reference stress fields in triphasic dynamic problems 

The  -refinement is performed by meshing the domain into one, two and four elements, as 

presented in Figure 3.4. The  -refinement procedure is implemented increasing the orders of the 

domain with maximum degree 11 for   ,    ,  waves and maximum degree 60 for    wave and 

boundary approximation functions of maximum degree 5. The mechanical energy error measure 

(3.73) is used, under definition (3.109) for the exact solution, and approximations (3.110) and 

(3.111) for the displacement and stress models, respectively.  

Figures 4.8 and 4.9 present the  - and  -refinement convergence graphs for the three 

compressional waves and for the shear wave. The average convergence rates,  , associated to 

each refinement process (i.e. three refinement points) are shown next to the respective plot. The 

 -refinement convergence patterns corresponding to the single-, two- and four-element meshes 

are represented with solid lines and with square, diamond and circle markers, respectively. The 

dashed lines correspond to the convergence patterns obtained under  -refinement. 
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Figure 4.8: Convergence results in triphasic dynamic problems (HTD) 

As the hybrid-Trefftz elements are neither locally equilibrated, nor locally compatible, the 

convergence of the mechanical energy is not always monotonic [126]. This means that the exact 

mechanical energy is generally neither a minimum nor a maximum of its finite element 

approximation, as is the case in displacement-based and force-based conventional elements. For 

this reason, the convergence rate concept should be treated with caution when applied to hybrid-

Trefftz elements, as the convergence rate may vary significantly during the refinement process. 
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Figure 4.9: Convergence results in triphasic dynamic problems (HTS) 

Typically, the convergence rate is low in the initial phase of the process (especially when the 

solution is highly oscillatory), increasing significantly when Trefftz functions with oscillation 

patterns similar to the correct solution are inserted into the domain basis. Close to the correct 

solution, the convergence rate decreases and may even become negative as the predicted solution 

is oscillating around the exact solution (conversely, conventional elements present monotonic 

convergence patterns). 

Despite the variability of the convergence rate, the analysis of Figures 4.8 and 4.9 shows that 

the convergence rates are similar for the HTD and HTS elements and the convergence rate under 

 -refinement is of the same order of magnitude as the convergence rate of (linear) conventional 

elements. It also shows that the (average) convergence under  -refinement is several times faster 

than the convergence under  -refinement. There is, however, only so much precision that can be 
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reached by only increasing the order of  -refinement. Over-increasing the number of 

approximation functions eventually leads to loss of precision due to the consequent ill-

conditioning of the finite element solving system. 

4.4 Sensitivity to frequency content 

The domain used for the convergence tests, represented in Figure 3.4, is modeled with a single 

finite element, using the geometric and material data defined in Section 4.3.2. The robustness test 

consists in assessing the quality of the HTD and HTS solutions obtained for each type of wave 

and frequencies varying from        to       for   ,    and    waves, and from        to 

      for wave   . As for the tests on biphasic media, the levels of  -refinement are varied 

according to the numerical difficulty of the analyzed problem. The  -refinement procedure is 

implemented increasing the orders of the domain with maximum degree 11 for   ,   ,   waves 

and maximum degree 60 for    wave. 

Figures 4.10 and 4.11 represent the variation of the error measure defined by equation (3.73) 

and of the wavelength of the induced wave as functions of the excitation frequency (the 

wavelength axis is logarithmical). The tested wavelengths cover a rather wide range, from      

(corresponding to the lowest frequency    test) to only       (for the     test with       

frequency). 

Consequently, different levels of  -refinement are used to adequately capture the solution 

using hybrid-Trefftz elements. Problems involving the propagation of low frequency    and   

waves are implemented with a low number of displacement modes: 60 for displacement model 

and 57 for the stress model. The highly oscillatory    waves require the use of 114 and 124 

modes for displacement and stress models, respectively.  

It is clear that the accuracy of the results in Figures 4.10 and 4.11 depends on the wavelength 

of the propagating wave, even when hybrid-Trefftz elements are used to construct the model.    

and    waves, characterized by low wavelengths, are modelled with good precision for all tested 

frequencies. Conversely, the error associated with the     wave, with a wavelength roughly two 

orders of magnitude smaller than that of the     wave, exceeds    for the highest tested 

frequency (     ). 
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Figure 4.10: Robustness to high frequency excitations in triphasic dynamic problems (HTD) 

 

Figure 4.11: Robustness to high frequency excitations in triphasic dynamic problems (HTS) 

As expected, the most challenging situation occurs for the     wave, where the errors are 

significant for frequencies over     . Still, the element with a leading dimension of      is 

capable of modelling the       wavelength     wave (that is, more than 150 wavelengths per 

element) within a     error. Based on substantial testing experience, it seems that correct 
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results can be reached within     accuracy using (sufficiently  -refined) hybrid-Trefftz 

elements, if their leading dimension is inferior to roughly 15 wavelengths. It is stressed that this 

restriction is more than 100 times more permissive than its conventional element counterpart 

Pluymers [125]. 

This advantage, due to the physical significance of the approximation functions, is especially 

relevant for the modeling of multi-phase soils, as it endorses the consistent representation of all 

compressional waves propagating through the fluid phases. It is noted, also, that the hybrid-

Trefftz stress and displacement elements present basically the same robustness patterns. 

4.5 Sensitivity to mesh distortion 

The testing setup represented in Figure 3.6, with   
 

 
     , is used to assess the mesh 

distortion sensitivity of the hybrid-Trefftz displacement and stress elements in the analysis of 

static problems. The domain is divided in four elements. The range of the distortion parameter 

is                and the energy error is measured in form (3.74). 

Figure 4.12 illustrates the variation of the error measure with the distortion parameter. It is 

seen that both displacement and stress models remain insensitive to gross mesh distortion. The 

(small) variations are due to the successive relocations of the origins of the local systems of 

reference, which follow the variations of the respective barycentre. In relative terms, the stress 

model seems to produce a lesser error than the displacement model, although in absolute terms 

the errors are small in both cases. 

     
                              a) Displacement model                                       b) Stress model 

Figure 4.12: Sensitivity to mesh distortion in triphasic static problems 
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4.6 Static response of triphasic media 

The single-layer problem defined the same geometry and finite mesh as in Figure 3.9 is solved to 

illustrate the ability of the hybrid-Trefftz elements to recover the boundary conditions and the 

inter-element continuity conditions under a more complex loading situation. 

The loading       is applied to the solid skeleton. Free surface flows are permitted for the 

wetting (liquid) and non-wetting (gas) phases. The normal displacements in the solid, Liquid and 

gas phases are restricted along the walls of the container. No constraints are imposed on the 

tangential components of the displacements on the frictionless tank walls. 

The geomechanical characteristics are given in Appendix C. A saturation degree of 0.5 is 

used. The domain is meshed in 16 square elements with side length       . The domain 

approximation bases are constructed, for all elements, using polynomial functions of degree 15. 

The total number of degrees of freedom is 1,648 for the displacement model and 1,492 for the 

stress model.  

The total stress fields predicted by the hybrid-Trefftz displacement and stress elements are 

presented in Figures 4.13 and 4.15. The results show that the hybrid-Trefftz finite element 

solutions are continuous on the inter-element boundaries and model adequately the enforced 

boundary conditions, for both HTD and HTS models. 
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                                                            a)HTD                                               b)HTS                       

 

Figure 4.13:          diagrams 

        
                                                            a)HTD                                               b)HTS                       

 

Figure 4.14:          diagrams 

       
                                                            a)HTD                                               b)HTS                       

 

Figure 4.15:          diagrams 
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4.7 Periodic response of triphasic media 

The problem solved here, under plane strain conditions, is used to illustrate the ability of the 

hybrid-Trefftz elements to recover the inter-element continuity and the prescribed boundary 

conditions under harmonic loading. Two situations are considered. A single-layer medium is 

used to illustrate the propagation of the different types of waves. The effect material 

discontinuities have on the wave propagation patterns is illustrated using a two-layer medium. 

The geomechanical characteristics of the medium are given in Appendix C with a bulk modulus 

of the air phase ten times larger to in order to obtain non-zero gas pressure and be able to 

meaningfully assess their quality. Both stress and displacement models are tested with two 

excitation frequencies,        and      , in order to illustrate their relative performance under 

rather distinct situations. 

4.7.1 Wave propagation in a single-layer medium 

The triphasic medium defined in Figure 4.16           is subjected to a surface 

loading       ̅        ̂   , with amplitude  ̅        , acting on the solid skeleton. Null pore 

pressures are assumed at the free surface for both fluid phases. The containing tank is rigid and 

has frictionless walls. Consequently, the normal displacements of all phases are restricted on 

boundaries       and      . 

 

Figure 4.16: Description for the harmonic tests model for single-layered problem 
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The wavelengths in the medium are 7.5   (   wave), 4.6   (   wave), 1.6   (   wave) 

and 2.5   (  wave) for the high frequency test, and are 59.6   (   wave), 13.5   (   wave), 

13.2   (   wave) and 20.6   (  wave) for the low frequency test. 

For both testing frequencies, the domain approximation bases for the displacement and stress 

models are constructed using first kind Bessel functions of order        . The boundary 

approximation is defined using Tchebychev polynomials with degree      . The total number 

of degrees of freedom for displacement model is 2,264 (1,472 displacement modes and 792 

boundary force modes). The stress model is implemented using 2,216 degrees of freedom (1,472 

stress modes and 744 boundary displacement modes).  

The amplitudes and contours of the stress fields are shown in Figures 4.17 and 4.18 for the 

displacement model and in Figures 4.19 and 4.20 for the stress model. The results clearly show 

that the inter-element continuity conditions are well respected and that the assumed boundary 

conditions are accurately recovered despite the significant physical differences of wave 

propagation phenomena for the two testing frequencies. The tests also indicate a good agreement 

between the responses predicted by the alternative models. As before, no smoothing is used in 

the graphs. 
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Figure 4.17: Stress fields for displacement element             
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Figure 4.18: Stress fields for displacement element            
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Figure 4.19: Stress fields for stress element             
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Figure 4.20: Stress fields for stress element            
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4.7.2 Wave propagation in a two-layer medium 

The two-layer triphasic medium defined in Figure 4.21            is modelled with both 

displacement and stress elements. The problem setup is similar to that used in the single-layer 

test with two exceptions: the spatial distribution of the loading    ̅        ̂   , with 

amplitude  ̅        , and the presence of two layers of different materials, each with     

      thickness. The upper layer consists of the unsaturated medium defined in Appendix C, 

while the lower layer is formed of the same material with a Young‟s modulus eight times larger. 

 
Figure 4.21: Description of the harmonic tests model for two-layer problem 

The wavelengths in the upper layer are defined in the previous section. In the lower layer, the 

wavelengths are 9.1   (   wave), 4.6   (   wave), 1.6   (   wave) and 5.1   (  wave) for 

the high frequency test, and are 693.1   (   wave), 88.9   (   wave), 43.2   (   wave) and 

387.1   (  wave) for the low frequency test. 

For both testing frequencies, the domain approximation bases for the displacement and stress 

models are constructed using first kind Bessel functions of order        . The boundary 

approximation is defined using Tchebychev polynomials with degree      . The total number 

of degrees of freedom for displacement model is 9,008 (5,888 displacement modes and 3,120 

boundary force modes). The stress model is implemented using 8,912 degrees of freedom (5,888 

stress modes and 3,024 boundary displacement modes).  

The amplitudes and contours of the stress fields are shown in Figures 4.22 and 4.23 for the 

displacement model and in Figures 4.24 and 4.25 for the stress model. The results clearly show 

that the inter-element continuity conditions are well respected and also indicate a good 
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agreement between the responses predicted by the alternative models. The same (coarse) mesh is 

used to solve both problems, despite the difference between the excitation frequencies and 

consequently between the wavelengths of the propagating waves, thus reinforcing the lack of 

sensitivity of the models to the wavelength of the propagating waves. 
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Figure 4.22: Stress fields for displacement element             
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Figure 4.23: Stress fields for displacement element            
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Figure 4.24: Stress fields for stress element             
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Figure 4.25: Stress fields for stress element            
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4.8 Transient response of triphasic media 

To illustrate the results obtained with the hybrid-Trefftz displacement and stress elements under 

transient loading conditions, the propagation of a shock wave through a triphasic medium is 

modelled next. Two situations are considered. A single-layer medium is used to illustrate the 

propagation of the different types of waves. The effect material discontinuities have on the wave 

propagation patterns is illustrated using a two-layer medium. 

The triphasic material is designed to obtain a phase velocity of the first compressional wave 

low enough for its propagation to be easily observed during the total analysis time of       . 

The geomechanical characteristics of the medium are given in Appendix C. 

As both applications are linear, the total duration of the analyses is modelled in a single time 

step         . The same time basis is used in both tests, as they share the same variation in time 

of the applied (impulse) load. This basis is constructed using Daubechies wavelets and scale 

functions of the fourth family. 

4.8.1 Shock wave propagation in a single-layer medium 

In this test, the shock wave is caused by a pulse load           , with amplitude           , 

applied on the free surface of the medium represented in Figure 4.26           and acting on 

the solid skeleton. Null pore pressures are assumed at the free surface for both fluid phases. The 

containing tank is rigid and has frictionless walls. Consequently, the normal displacements of all 

phases are restricted on boundaries       and      . Plane strain conditions are assumed. 
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Figure 4.26: Description of the pulse test model 

The wavelet time basis generates 32 spectral problems with algorithmic frequencies with 

moduli ranging from        to        . The phase velocities of the (non-dispersive)    and   

waves are         and 2.5   . The wave velocities of the compressional waves travelling 

through the fluid phases range between         and         (   wave) and         and 

        (   wave). The minimum wavelengths are         (   wave),        (   wave), 

       (   wave) and 14.6   (  wave). 

The domain is discretized in 16 finite elements, as shown in Figure 4.26. The domain basis is 

constructed using first kind Bessel functions, according to definitions (4.94) and (4.95) for the 

displacement and stress models, respectively. For the displacement model, the total number of 

displacement degrees of freedom per element is 92. Tchebychev polynomials are used for the 

traction approximation on the essential boundaries of the element, generating a total of 44 

degrees of freedom per boundary. The total dimension of the assembled solving system is 2,264. 

The same  - and  -refinements are used for all spectral problems. For the stress model, the total 

number of stress degrees of freedom is 1,472. The boundary displacement field is approximated 

with Tchebychev polynomials, generating a total of 744 degrees of freedom. The total dimension 

of the assembled finite element solving system is 2,216. 

Figures 4.27 to 4.30 present the displacement element estimates of the stress and water pore 

pressure fields at selected instants during the first        of the time interval. The pore pressure 

in the gas phase remains very low at all times. The stress element estimates are presented in 
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Figures 4.31 to 4.34. In these illustrations, the stress fields are superimposed to the deformed 

shapes of the medium. 

The results show that the shock wave propagates downwards and reaches the bottom of the 

tank after roughly        . This is consistent with the propagation velocity of the    wave, 

which is the fastest of all types of waves. The stress intensity at the wavefront doubles upon 

impact with the bottom of the tank and the wave reflects back towards the surface. The 

wavefront causes a positive vertical movement of the free surface at        , which causes a 

dilatational wavefront which re-initiates the downward propagation pattern. The damping effect 

is clearly visible as the intensity of all stress fields diminishes with time. The enforced boundary 

conditions are well respected both in terms of stresses and displacements. 
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Figure 4.27:          diagrams (HTD) 
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Figure 4.28:          diagrams (HTD) 
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Figure 4.29:          diagrams (HTD) 
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Figure 4.30:         diagrams (HTD) 
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Figure 4.31:          diagrams (HTS) 
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Figure 4.32:          diagrams (HTS) 

 

 

 

 



Cao Duc Toan  HT elements for porous media 

 

152 
 

 

 

Figure 4.33:          diagrams (HTS) 
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Figure 4.34:         diagrams (HTS) 

The three testing points shown in Figure 4.26,             ,             and            , 

are used to illustrate the variation in time of the vertical displacement in solid and fluid phases, 

  
  and   

 , and stress and pore pressure fields,     and   , throughout the duration of the 

analysis. 
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The displacement element solutions are presented in Figures 4.35 and 4.36. Similar solutions 

are obtained with stress model, as shown in Figures 4.37 and 4.38. To support this relative 

assessment, the results obtained with the hybrid-Trefftz displacement element are represented 

with circular markers in Figures 4.37 and 4.38. The correspondence is very good in all graphs. 

 

Figure 4.35: Vertical displacement time-histories (HTD) 

 

Figure 4.36: Normal stress and pore pressure time-histories (HTD) 

The results presented in Figure 4.37 and 4.38 confirm that the initial conditions are correctly 

recovered, despite not being explicitly enforced in the time-integration procedure presented in 

Section 2.3.2, and preserved until the wavefront reaches the respective depth. At point   , the 

stress/pore pressure intensity is doubled, as expected, due to the reflection effect. The damping of 

the wave causes the reduction of the amplitudes of successive wave fronts passing through a 

given point. The propagation velocity of the wavefront is consistent with the    wave. It is noted, 
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also, that the initial values of the stress fields are relatively well recovered, despite not being 

explicitly enforced by the time discretization procedure. 

 

Figure 4.37: Vertical displacement time-histories (HTS) 

 

Figure 4.38: Normal stress and pore pressure time-histories (HTS) 

It is seen, also, that the incoming wavefront causes a steep variation of the displacement 

fields at point   in the initial stage of the analysis, due to the larger intensity of the applied force 

at       . After the initial stress concentration dissipates through the width of the tank, the 

displacement amplitudes near the surface remain only slightly larger than at mid-height. 

Although the    compressional wave propagates mainly through the direct contact of the 

solid particles which form the solid skeleton, it does trigger fluid motion through consolidation 

and swelling effects. However, the motion of the liquid is slightly delayed and less steep when 

compared to the solid phase, as these effects take time to develop.  
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4.8.2 Shock wave propagation in a two-layer medium 

The propagation of a shock wave through a two-layer triphasic medium is modelled with the 

stress element. The problem setup is similar to that used in the single-layer test with two 

exceptions: the spatial distribution of the loading, see Figure 4.39, and the presence of two layers 

of different materials, each with           thickness. The upper layer consists of the 

unsaturated medium defined in Appendix C, while the lower layer is formed of the same material 

with a Young‟s modulus eight times larger. 

 

Figure 4.39: Description of the tests model for two-layer problem 

The phase velocities and wavelengths in the upper layer procedure by the wavelet time basis 

are those defined in the previous section. In the lower layer, the phase velocities of the    and   

waves are        and       , while the velocities range between         and         for 

the    wave, and from         to         for the    wave. The minimum wavelengths are 

       for    waves,       for    waves,       for the    waves and        for the   waves. 

The medium is meshed into 64 square elements with side length          and the stress 

approximation basis defined in the single-layer test is also used here, under the same 

implementation conditions. A total of 5,888 stress modes and 3,024 boundary displacement 

modes yield a solving system with 8,912 degrees of freedom. 

The time histories of the stresses in the solid phase and of the liquid pore pressures during the 

first 0.5sec of the analysis are presented (on the deformed shape of the medium) in Figures 4.40 

to 4.43. 
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The results shown that all fields are continuous between elements, except for the axial stress 

field,    , which is not subjected to a continuity condition on the interface between the two 

layers,    . This behaviour and the associated shear stress concentration have been explained 

in detail in Section 3.2.4 for biphasic media. The justification given there for the stress 

singularity at the discontinuity of the applied load, point                in Figure 4.39, still 

applies to triphasic media. 

All fields recover well both static and kinematic boundary conditions, despite the latter not 

being explicitly enforced in the formulation (i.e. they are only continuous upon full 

convergence). It is noted, also, that the Rayleigh wave is clearly visible on the free surface of the 

domain. 
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Figure 4.40:          diagrams (HTS) 
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Figure 4.41:          diagrams (HTS) 
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Figure 4.42:          diagrams (HTS) 

 

 

 



Cao Duc Toan  HT elements for porous media 

 

161 
 

 

 

Figure 4.43:         diagrams (HTS) 
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Chapter 5  

Conclusions and future research 

5.1 Conclusion 

Single phase mathematical models are sufficient to describe accurately the dynamic response of 

multiphase media with frozen-medium behaviour (e.g. impervious soils). When significant 

relative motion occurs between the solid and fluid phases, however, more rigorous models, 

taking into account the interface interaction between the phases, are needed. These models 

predict the existence of as many compressional waves as the medium‟s constituents and a single 

shear wave. The propagation of one of the compressional waves and the shear wave is supported 

by direct interaction of the solid particles and is essentially insensitive to saturation and 

permeability variations of the medium. The opposite is true for the other compressional waves, 

which propagate through the fluid phases. Their highly oscillatory nature poses serious 

difficulties when conventional finite elements are used to model the response of the medium, 

mainly due to the well-known wavelength dependency of the leading dimension of the finite 

element. These difficulties are typically circumvented by adopting simplifying assumptions that 

are, in most cases, inadequate for semi-pervious and pervious media. 

Mathematical models governing the behaviour of multiphase media have reached a high level 

of refinement in the recent years. For saturated porous media, most models are based on the 

Biot‟s Theory. Despite such models having been extended to unsaturated media, they fail to 

make physical sense when the medium is far from saturated. Alternative fully triphasic models 

have been developed for such situations, based either on the theory of mixtures or the averaging 

theory. Both theories rigorously take into account the microscopic interaction between phases.  

Hybrid-Trefftz displacement and stress elements are formulated here for the elastostatic and 

elastodynamic analysis of biphasic and triphasic media. The elements are derived using the 

hybrid element framework, in the sense that dual fields are independently approximated in the 

domain of the element and on its essential boundary. However, unlike other hybrid elements, the 

domain approximation functions are constrained to satisfy locally the homogeneous form of the 

domain equations (the Trefftz condition). As typical of hybrid displacement (stress) elements, 

these functions are used to enforce weakly the domain equilibrium (compatibility) and elasticity 



Cao Duc Toan  HT elements for porous media 

 

164 
 

equations, while the domain compatibility (equilibrium) equation is enforced locally. The 

boundary traction (displacement) field is approximated on the Dirichlet (Neumann) and inter-

element boundaries and the basis used to enforce weakly the boundary compatibility 

(equilibrium) equations. Boundary equilibrium (compatibility) is not enforced explicitly on the 

inter-element boundaries and is only observed upon full convergence. All bases are constructed 

hierarchically and their weights have no particular physical significance. This property enhances 

the suitability of the elements to adaptive refinement and parallel processing, especially when the 

solving system is not condensed on the boundary displacement variables. On the other hand, 

system condensation allows for hybrid-Trefftz stress elements to be coupled to conventional 

elements using the direct stiffness method, provided that the same boundary displacement 

approximation is used for the neighbouring elements. 

A direct consequence of the use of Trefftz-compliant domain approximation functions is that 

all terms present in the finite element solving system are defined by boundary integral 

expressions if the problem is naturally homogeneous. If this is not the case, additional „particular 

solution‟ functions must be added to the domain basis to recover the effect of the source terms. 

The issue of defining approximate particular solutions for problems where exact particular 

solutions cannot be derived (which is typically the case of dynamic problems with non-null 

initial conditions) is also addressed here. The particular solution basis is constructed using 

functions that satisfy the homogeneous form of the static problem obtained by setting to zero the 

time-derivative terms in the governing equation. The Trefftz-compliant and the particular 

solution functions are mixed in the same basis and used to enforce weakly the domain equations. 

The approximation functions are thus free to combine such as to recover the enforced equations 

in the best possible way. In particular, this approach allows the particular solution functions to 

contribute to the modelling of the general solution, should the Trefftz-compliant functions be 

insufficient for its correct recovery. 

As the domain approximation functions embody physically relevant information on the 

modelled problem, hybrid-Trefftz elements present high levels of convergence under  -

refinement, while the convergence under h-refinement is comparable to that of conventional 

finite elements. For the same reason, hybrid-Trefftz elements present high robustness to gross 

mesh distortions and near-incompressibility of the constituents. The wavelength dependency of 

the leading size of the element is reduced by a factor of 100 as compared to conventional finite 
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elements. These features distinguish the hybrid-Trefftz elements from other finite elements 

previously formulated for poroelastic problems, ultimately allowing for high quality results to be 

obtained on coarser meshes and with significantly less degrees of freedom. The price to be paid 

for securing these advantages is that the Trefftz-compliant functions may be numerically difficult 

to handle and may not support analytic integration. 

5.2 Future research 

The hybrid-Trefftz finite elements reported here prove to have the potential of avoiding critical 

limitations of the conventional finite elements, while offering, at the same time, superior 

convergence rates and considerable flexibility in choosing, for each element and essential 

boundary, the orders of approximation which best correspond to each specific problem. On the 

other hand, the present work is restricted to the development of the finite element formulations, 

as well as their implementation, performance assessment and validation against other finite 

element software. In order for these elements to be usable by analysts with no background in 

non-conventional formulations, considerable research effort must still be conducted in four 

complementary directions: 

 the validation of the models through the laboratory testing of saturated and unsaturated 

media; 

 the extension of the models to account for media with elastic non-linear and elastoplastic 

behaviour;  

 the integration of hybrid-Trefftz elements into a widely used (preferably open-source) 

finite element platform; 

 the inclusion of automatic p-adaptive refinement capabilities. 

Due to the virtual lack of relevant and well documented laboratory experiments, the 

validation of the hybrid-Trefftz finite elements reported here was done using alternative finite 

element packages, rather than laboratory results. This is especially true for unsaturated media, 

where a considerable number of mechanical properties are specific to the adopted mathematical 

model and cannot be directly measured by experiments. It is clear, however, that for the models 

to be practically usable, they must be calibrated against experimentally acquired data, to 

highlight their limits and limitations. To that effect, a collaboration effort is currently being 

delineated with a Geotechnical research team at the University of Minho. It includes 
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experimental testing of the dynamic response of saturated and unsaturated sands using 

piezoelectric bender elements, under harmonic and transient (pulse) loading conditions. 

Despite the recognized advantages of the hybrid-Trefftz elements, their direct application to 

non-linear problems is not feasible, as it would require the reconstruction of the domain basis at 

every iteration. The alternative strategy to be adopted involves the linearization of the governing 

equations, treating the non-linear residuum as a non-homogeneous term. The influence of this 

term can be efficiently modelled using the new particular solution strategy described in Section 

2.5. This technique avoids most of the drawbacks of other methods for constructing approximate 

particular solutions, while preserving the symmetry and sparseness of the solving system. Two 

lines of research may be pursued, namely the modelling of porous media with elastic non-linear 

behaviour and with elastoplastic constitutive laws. Under the first line, the model should be able 

to account for changes in the fluid densities and volume fraction with variations of the pore 

pressure and volume of the solid skeleton, respectively. Various non-linear constitutive laws are 

available to characterize the postelastic behaviour of the solid skeleton (fluids are typically 

considered elastic). The Mohr-Coulomb model is probably the simplest and the most widely 

used. However, multi-surface plasticity models (e.g. Dafalias-Manzari), capable to account for 

such phenomena as dilatancy and liquefaction, have become increasingly popular and should be 

considered in future developments. 

The implementation and testing of the hybrid-Trefftz elements has produced a significant 

amount of software. However, the computational implementation served mostly to assess the 

applicability of theoretical ideas, meaning that, in their current stage of development, the use of 

hybrid-Trefftz elements by an external analyst is hindered by the lack of a unified and fully 

automatic analysis tool. In fact, this is in general the case for hybrid elements, which are still a 

very rare presence in commercially available finite element software and almost non-existent in 

general purpose open-source platforms. In order to bring their capabilities to the fingertips of the 

international scientific community, the hybrid-Trefftz elements should be integrated into a 

mainstream open-source finite element platform. The OpenSees framework 

(http://opensees.berkeley.edu/) seems to be an adequate choice to this respect. OpenSees is an 

object-oriented platform for finite element analysis. It focuses on the dynamic analysis of 

structural and geotechnical models, therefore fitting well into the scope of this research. It offers 

an extensive database of conventional elements for single-phase and biphasic media, which 

http://opensees.berkeley.edu/
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justifies its worldwide popularity, but currently no hybrid elements are included into its main 

distribution.  

The success of this integration strongly depends on two factors. First, hybrid-Trefftz 

elements must be designed to work in a standalone manner, but also to connect with 

conventional elements present in the OpenSees main distribution. The standalone mode offers 

the analyst a larger breadth of elements and full flexibility in choosing the approximation bases. 

Conversely, the connectivity to conventional elements is endorsed by the fact that hybrid-Trefftz 

stress elements can be condensed on the boundary displacement variables and integrated into the 

standard Direct Stiffness Method framework that is currently used in most finite element 

software. It should be noted, however, that this approach excludes the displacement model and 

links the boundary approximation to the nodes of the element.  

Second, the burden of optimizing the domain and boundary approximations of the hybrid-

Trefftz elements must be lifted from the user. To achieve this, a deformation energy-based 

adaptive  -refinement procedure, previously developed for the analysis of single-phase media, is 

being extended to multi-phase materials. Also, an improved  -refinement strategy, using local, 

stress-based measures of error, is currently under development.  

Besides the main directions of future research mentioned here, secondary lines of research 

may include, for instance, the extension of the formulations to tri-dimensional problems and the 

formulation and implementation of hybrid-Trefftz elements with absorbing boundaries to model 

semi-infinite domains. 
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Appendix A 

Explicit expressions of matrices and coefficients for triphasic 

problems 

The definitions of the matrices and coefficients given below were established in accordance with 

Wei and Muraleetharan [97]. The notations used in the original article were maintained, 

whenever possible. 

The generalized divergence and gradient operators are defined in Cartesian and cylindrical 

coordinates by expressions (A.1), (A.2), and (A.3), respectively, 
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The expression of the damping    and mass    matrices present in equilibrium equation 

(2.53) are, 
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The expression of the damping    matrices is as, 
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The expressions of the material flexibility and stiffness matrices   and   present in elasticity 

equations are, 
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                                   (A.8) 

where    represents the identity matrix of rank   (     for biphasic medium and     for 

triphasic medium) and   is degree of  -refinement selected on the boundary. 

In expressions (A.4) to (A.7),       {     }  represent the volume fractions of each 

phase and, 
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In expression(A.9),    is the dynamic viscosity of the fluid,   is the intrinsic permeability 

and    
 
 is the relative permeability of the  −fluid. 

The stiffness moduli present in definition (A.7) are given by the following expressions: 
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In the above expressions,    and    are the Lamé‟s coefficients. Elastic constants    
 ,    

and    can be determined experimentally, following the procedures described in [97]. The bulk 

moduli of the phases are denoted by       {     } . 

The matrix   (2.5) is expression as (A.18): 
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Appendix B 

Geomechanical characteristics of the Massilon sandstone for 

triphasic problem 

 Bulk modulus of the solid particle:                ; 

 Bulk modulus of the water:                ; 

 Bulk modulus of the air              : ; 

 Lamé‟s coefficients:                 and                ; 

 Elastic constants:    
             ,               ,                ; 

 Saturation (reference value): 0.8; 

 Intrinsic permeability: varies between          and          ; 

 Density of the solid particle:             ⁄  ; 

 Density of the water:             ⁄  ; 

 Density of the air:           ⁄  ; 

 Dynamic viscosity of the water:                 ; 

 Dynamic viscosity of the air:                 ; 

 Relative permeability of the water:    
       ; 

 Relative permeability of the air:    
       ; 

 Porosity:        . 
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Appendix C 

Geomechanical characteristics of the pulse load test material 

for triphasic problem 

 Bulk modulus of the solid particle:               ; 

 Bulk modulus of the water:               ; 

 Bulk modulus of the air:            ; 

 Lamé‟s coefficients:                and                ; 

 Elastic constants:    
             ,               ,                ; 

 Saturation (reference value): 0.8; 

 Intrinsic permeability:              ; 

 Density of the solid particle:             ⁄  ; 

 Density of the water:             ⁄  ; 

 Density of the air:           ⁄  ; 

 Dynamic viscosity of the water:                 ; 

 Dynamic viscosity of the air:                 ; 

 Relative permeability of the water:    
       ; 

 Relative permeability of the air:    
       ; 

 Porosity:        . 
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Appendix D 

Elasticity relations and Poroelasticity for Biphasic problems 
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The generalized divergence and gradient operators are defined in Cartesian and cylindrical 

coordinates by expressions (D.17), (D.18), and (D.19), respectively, 
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The expression of the mass   matrices is as, 
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The matrix   (2.5) is expression as (D.22): 
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The expressions of the elasticity matrices present in elasticity equations (2.3) are as, 
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Appendix E 

Geomechanical characteristics of water-saturated Molsand 

soil for biphasic problem 

 Fluid Density:              ⁄  ; 

 Mixture density:            ⁄  ; 

 The Biot‟s first coefficient:    ; 

 The Biot‟s second coefficient:               ⁄ ; 

 Young‟s modulus of the drained rock:               ⁄ ; 

 Lamé‟s first coefficient of drained rock :                ⁄ ; 

 Lamé‟s second coefficient:                ⁄ ; 

 Bulk modulus of the mixture:               ⁄  ; 

 Liquid volume fraction:          ; 

 Poission‟s coefficient of the drained rock:        . 

 Tortuosity factor :      ; 

 Hydraulic conductivity:         ⁄   
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